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Li β-alumina single crystal was prepared from the original Na β-alumina singe crystal 
by conventional ion exchange method. High content of Li ion was confirmed by the ICP 
AES analysis. Powder XRD diffraction shows that an increase of c-axis length as a 
function of Li percentage. Single crystal analysis revealed that the presence of 
out-of-plane position of Li ion. Besides, local structure was analyzed by NMR 
spectroscopy by using quadrupole interaction phenomena since 7Li is 3/2 nuclear spin. 
The angle dependent quadrupole interaction and temperature dependent satellite 
separation suggest that the out-of-plane position is responsible for the observed lower 
quadrupole coupling constant and temperature dependent Li ion occupation between 
in-plane and out-of-plane sites. Typical line shape analysis model such as BPP and 
Hendrickson and Bray model was use to analyze the 7Li central line shape; however fail 
to give reasonable macroscopic transport parameter such as jump activation energy and 
pre exponential factor which was observed by impedance spectroscopy and Raman 
spectroscopy. This is due to the fact the typical BPP and HB cannot take into account 
the structural inhomogeneity which might present in the ß alumina crystal. Therefore 
line shape was further analyzed by so called two phase spectra model. Activation energy 
and the frequency factor were greatly improved which might be due to the fact that line 
spectra is now explained by distribution of correlation time G(ln ) and distribution of 
energy barrier g(E). Most importantly, microscopic and macroscopic motion can be 
described by two important parameter E* a so called cut off energy which temperature 
dependent. The discussion of the motion is further extended by measurement of 
diffusion coefficient by PFG NMR which is one of the direct measurement technique of 
macroscopic motion. Diffusion of Li ion was compared with impedance data. The 
difference is discussed in terms of line broadening and defect formation energy. The 
observed time dependent diffusion coefficient was directly compared with the frequency 
dependence of conductivity.  The conductivity and the diffusion dispersion might be 
related to the dynamic heterogeneity which is consistent with the picture obtained in 
two phase spectra model.   
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Superionic conductor (SIC) or fast ionic conductor (FIC)  is a group of solids which has very high 
ionic  conductivity ( σ          ) with low activation energy (~0.1 eV) even in the solid state below 
the melting point.  
One of the most important applications of the superionic conductor is for the electrolyte of all solid state 
batteries. There are many advantages in electrochemical devices using solid electrolytes instead of liquid 
electrolytes. These include, among others, longer life, high energy density, no possibility of leak etc., and 
are particularly suitable for compact power batteries used in pace-makers, mobile telephones, laptops etc. 
There are different kinds of superionic conductor, such as  




If the solid is a perfect crystal without any disorder, it is impossible to allow any atomic or ionic transport 
in the solid. For the appearance of mass transport in solid, it is necessary to introduce some "defect" or 
"imperfection" in the solid, which inevitably causes various levels of structural disorder in the material. 
Funke et al. describe a hierarchy of materials in terms of the degree of disorder as shown in Fig 1.1   
 
Figure 1.1 An evolving scheme of materials science [1]. 
Level 1 material is corresponding to the pure single crystal with perfect order, which is absence of any 
mass transport or motion. A vacancy or a point defect is introduced in the crystalline material shown in 
2 
 
the Level 2 of the Figure 1 material. Now the nearest ion can jump to the vacancy position and 
translational motion of the ion is possible. When the concentration of the defects is increased up to some 
critical level, the interaction among the defects will cause the instability of the original structure to 
transform to more disordered structures including liquids and superionic states. The superionic conductors 
are the Level 3 materials, which can be categorized into four types. Level 3a material is the crystalline 
superionic conductor with structural disorder; the classic examples are α-AgI, α-RbAg4I5, β-alumina, 
CaF2 etc.[2] The Level 3b material is glassy ionic conductor which involves AgI-AgPO3, Li2S-SiS2, 
Na2O-Ga2O3, etc. Level 3c corresponds to polymer electrolyte as poly-ethyleneoxide (PEO) with LiClO4. 
The Level 3d material is a kind combination of those Level a to c materials in micro or nano scale.  


















 is known moving at high temperatures. 
The ionic motion in the crystalline superionic conductor can be categorized into one, two or three 
dimensional conductors. An example of the one dimensional ionic conductor is LiAlSiO4 (β-eucryptite) 
where Li ions move in the channels parallel to the c direction. β-alumina is an example of two 
dimensional ionic conductors, where the cation moves along the two dimensional ab plane perpendicular 
to the c axis. Three dimensional ionic motion occurs in α-AgI , Na3Zr2PSi2O12. (NASICON) etc. The ionic 





Figure 1.2: Conductivities of various fast ionic conductors [2]. 
3 
 
Ionic transport in solids is usually explained by a simple jump model. In this model the elemental process 
of the ion transport is attributed to an ion jump or hop from one occupied crystallographic site to other 
unoccupied or vacant site by surmounting a potential energy barrier between the two sites which is called 
activation energy Ea. This is the simplest example of the ionic motion by vacancy mechanism. 
Two times factor is important in jump model; one is residence time of the ion in the crystallographic site 
τr and the other is the time need to jump from one site another site, flying time τf. Generally τr » τf is hold 
in case of the Level 2 materials with point defects. However such a simple jump model must be modified 
since τr and τf might be comparable to each other in the presence disorder and fast motion of ions in Level 
3 superionic conductors. Large amount of structural disorder and high concentration of the mobile ions in 
superionic conductor results in verious unusual dynamic behaviors, which can be observed by frequency 
dependent conductivity     , NMR relaxation times T1, T2 etc., nutron quasielastic scattering (QENS), 
quasi-elastic light scattering (QELS), ultrasonic absorption, etc. [2]. A well know example is the response 
to AC electric field expressed by an ac conductivity      or dielectric fucntion      , which follows an 
universal power-law behavior or a stretched exponential type relaxation instead of well known Debye 
type or Drude type behaviors. 
Two types of approaches are known to explain those phenomena; one is to introduce a distribution 
function of relaxation times g(t) and the other is to derive non-exponential relaxation function by 
considering many-body interaction. The former is focusing the disorderd structure of the SIC and the 
latter is focusing the correlational motion of ions due to the high concentration of mobile ions [2]. 
While discussing the general feature of superionic conductors now our discussion will be converging to 
an ideal kind of SIC called β-alumina. The β-alumina is probably the most famous superionic conductor 
discovered in 1967 by Yao and Kummer [4]. The initial β-alumina was Na β-alumina whose very high 
ionic conductivity (10
-2
 S/cm at room temperature) attracted great deal of attention not only from the 
fundamental scientists but also from the engineers who construct of large scale sodium-sulfur battery for 
electric vehicles (EV). Although the Ford Moter Co. finally gave up using the sodium-sulfer battery for 
EV in 1980th, it has been developed and improved by Japanese NGC Co. to realize the "NaS" Battery for 
large scale back-up/load-leveling systems. NaS battery is now recognized of significance for the 
load-leveling of renewable energies such as wind farm, solar battery, tidal wave energy etc. and also for 
the buffer source in "smart-grid" society.  
From the fundamental point of view, the most important feature of the Naβ-alumina is its two 
dimensional structure of ion transport path which is called “conduction plane”, where the Na ions can 
move freely like in a liquid. 
Yao and Kummer also reported that Na in the β- alumina can be easily replaced by other cation such as Li, 
K, Ag, Tl.  A list of ionic conductivity of β- alumina crystal is given in the Table 1.1. The ionic 
conductivity of the ß alumina depends on the size of the mobile ions. Usually, the replacement of the Na+ 











 by smaller Li
+
 ion was expected to increase the conductivity. However the observed conductivity 
of Li β-alumina was found smaller than that of the Na β-alumina. For the explanation of this anomaly in 
Li β-alumina various experiments were done in 1980~1990, [9,10,11,12 ] and the unusual position of Li 
in Li β-alumina is revealed which is called “out-of-plane site” or TF (Tofield-Farrington) site [13]. 
 
Table 1.1 Ionic conductivity and Arrhenius parameters of various β-alumina [2]. 
 
Recent progress in the field of lithium ion batteries has shed new light on the Li β-alumina, since the 
degradation and the safety issues of the lithium ion battery strongly demands all solid-state batteries 
without flamable organic electrolyte solutions. Although the smaller conductivity of Li β-alumina in 
comparison to Na one, the lithium ionic conductivity of Li β-alumina is around 10-3 S/cm at room 
temperature, which is high enough for the application to the solid electrolyte in all solid-state lithium ion 
batteries. Unfortunately, however the most of the research on Li β-alumina was conducted in 1980 to 
1990 th. and no fundamental work is reported recently. Moreover, the preparation of Li β-alumina by 
direct reaction of alumina and lithium salt is known impossible; only the ion exchange from Na β
-alumina to Li β-alumina is possible. So we decided to prepare and reinvestigate the fundamental 
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1.2 Motivation and purpose of the study 
 
β-alumina materials attract the interest of researcher because of the cation presence in this material 
exhibits high ionic conductivity. Solid electrolyte with superior ionic conductivity is technologically very 
important materials because of their potential use in the battery and sensors etc. After the first discovery 
of Na β-alumina, it soon appeared that Na can be replaced by Li ion and Li β-alumina becomes a very 
attractive candidate as a solid electrolyte since it shows high Li ion conductivity. Therefore Li β-alumina 
can be attractive material for compact and light rechargeable batteries. This is the primary reason why we 
are started our work in Li β-alumina. 
There is a general agreement about the average structure of the β-alumina single crystal. Here the word 
“β-alumina” means Na β-alumina since this is most well studied.  The structure of the β-alumina 
includes spinel block of alumina (Al2O3) and in between two spinel block, there is Na2O layer where Na 
is loosely bound with Oxygen. This plane/layer is called “conduction plane” where the Na ion exhibits 
two dimensional motions. This macroscopic structure is generally true for other β-alumina such as K 
β-alumina, Ag β-alumina etc. However, a potential calculation (Chapter 1, Section 1.4 Ref. 3) and some 
experimental evidences of XRD, [Chapter 1, Section1.3 Ref.14 and Ref. 16], Neutron [Chapter 1, Section 
1.3, Ref. 16] and Raman scattering [Chapter 1, Section 1.4, Ref. 7] suggest that energy minima of Li ion 
in β-alumina are not situated exactly in the conduction plane but slightly shifted above or below the 
conduction plane which is called out-of-plane position. Therefore generally the macroscopic crystal 
structure is still the same but local structure around a Li ion is not similar.  
In this study, we will investigate the Li β-alumina macroscopically using powder and single crystal X-ray 
diffraction (Chapter 3, Section 3.2) and locally by solid state NMR spectroscopy since NMR spectra is 
very sensitive to the local environment. Local structure or position of Li ion was studied by NMR 
quadrupole interaction using the temperature and angle dependent NMR spectra (Chapter 3, Section 3.4.3 
and 3.4.4 and Chapter 4, Section 4.1). 
Since local position of Li ion is shifted slightly from the conduction plane (we can also say “conduction 
plane”) then the question arises, whether the conduction mechanism for other cations could be applicable 
for the Li ion or not. Li β-alumina is inherently a disordered crystalline material which facilitates the 
liquid like mobility of the cation in the crystal. In disordered materials, the local structure around a Li ion 
and its dynamics are not always the same as the macroscopic average information XRD or Ionic 
conductivity, where NMR spectroscopy is appropriate technique to study the local structure and the 
dynamics of the Li ion. 
Na β-alumina single crystal was well studied by NMR. This study includes angle dependent quadrupole 
interaction, spin lattice relaxation time T1 of 
23
Na in terms of energy barrier distribution (Chapter 1, 
Section 1.4 Ref 11), NMR motional narrowing behavior (Chapter1, Section 1.4, Ref 8), low temperature 
measurement of NMR line shape (Chapter 1, Section 1.4 Ref 15).  On the other hand Li was not well 
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studied by NMR. There are reports about T1 relaxation time but motion of Li ion was not clearly 
discussed (Chapter 1, Section 1.4 Ref 17).  A detailed analysis about the 
7
Li NMR line shape for Li 
β-alumina is not reported although which is shortly discussed in one paper (Chapter1, Section 1.4 Ref 18). 
In many studies it appears that for the crystalline materials, The temperature dependence of the NMR line 
shape is most fundamental experiment to reveal the motional narrowing by the motion of the mobile ion 
(Chapter 1 Section 1.4 Ref 28, 29, 30).  Therefore in this study we will give detailed analysis of 
temperature dependent 
7
Li NMR line shape using typical line shape model (Chapter 3.4.5.2).  We will 
discuss the limitation of the typical models and a different approach named as “two phase spectra model” 
will be presented in Chapter 3.4.5.3. We will see that an improvement of line shape analysis obtained in 
terms of the transport parameter and towards understanding of the motion of Li ion locally and 
macroscopically.  
As for the conduction mechanism of β-alumina, Kamishima et al. [Chapter 1, Section 1.4 Ref.24 ] 
recently reported unusual weak frequency dependence of the ionic conductivity (          ) in Ag β
-alumina but no results are known for Li β-alumina. More strikingly, many isotope diffusion data are 
reported for the Na K and Ag β-alumina, however no reliable data is known for Li β-alumina. 
There two direct method of probing the macroscopic motion of Li ion. One is the ionic conductivity and 
the other is the diffusion coefficient. There are only one report of the direct measurement of Li 
self-diffusion coefficient in β alumina single crystal by tracer diffusion. The previous Li diffusion data 
obtained from the isotope diffusion experiment which was performed at high temperature regime 
(200  C-400  C). The room temperature data was missing and was estimated from the extrapolation. 
Therefore, in this study we reported direct measurement of diffusion coefficient of Li ion for the first 
time    β-alumina single crystal in the room temperature regime using pulsed field gradient (PFG) NMR 
(Chapter 3, Section 3.4.7). More interestingly, there is no direct observation of the diffusion coefficient 
along the crystal c direction. This direct observation and confirmation of the anisotropic nature of the Li 
ion motion in β- alumina single crystal will serve as a basis for translation motion of other crystalline 
materials with layered structure. Later it will also appear that diffusion coefficient show time dependence 
and dispersive behavior is compared with an unusual frequency dependence of conductivity observed in 
Li β-alumina. 
Since every experiment has its own measurement parameters, it is very important to understand the 
meaning of the result and to correlate the result obtained from different experimental technique. Such a 
study was not done for Li β-alumina. Most of the cases each paper concentrated on one technique and 
therefore the total discussion of motion of Li ion are incomplete. In this study we used different 
experimental techniques to understand the structural and dynamics from local and macroscopic point of 




1.3 Crystal structure  
1.3.1 Crystal structure of β-alumina 
 
In this chapter we will review our understanding on the crystal structure of β-alumina. First we will 
discuss about the Na β-alumina since this is the most well studied material. The ideal formula of Na-β 
alumina is Na2O.11 Al2O3 and the space group is p63/mmc.  β-alumina crystal has layered structure with 
lattice constant a0=5.59 Å and c0=22.53 Å and a0=b0. Crystal structure is made up of rigid spinel block of 
Al2O3 and the Na contained conduction plane situated between two spinel blocks. Standard crystal 
structure of Na β-alumina is show in Figure 1.3(a). According to Bragg et al. [1] and Beavers et al. [2]the 
conduction plane contains equal numbers of Na and O ions. The distance between two conduction planes 
is 11.27 Å.  The spinel block consists of four close packed oxygen layer of A, B and C staking with 
aluminum in the octahedral and the tetrahedral interstitial position. The close packed oxygen layers at  
above and below the conduction plane are the mirror images of each other and the distance between these 
two planes is 4.76Å 
 
Figure 1.3 (a) Standard β-alumina crystal structure. Red sphere is oxygen, dark yellow is cation site (Na, 
Ag etc. and small sphere are Aluminium (b) Theoretical structure of β-alumina [3]. (c) Available site for 
conducting ions in the conduction plane of β-alumina [3]. 
 
As we know that monovalent Na ion resides in the conduction plane. However there are three possible 
sites that Na ion can reside in the conduction plane shown in Figure 1.3(b). These are known as Beavers 
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and Ross (BR) position, anti Beavers and Ross (aBR) site and mid oxygen (mO) site. The position of Na 
ion in the conduction plane in the ideal structure (Stochiometric) proposed by Beavers and Ross is called 
Beavers and Ross site. There are positions in the conduction plane that Na can reside which is rejected by 
Beavers and Ross is called anti Beavers and Ross (aBR) sites. However this aBR position is not ideal 
position but in case of the non stoichiometric crystal structure Na ion can reside in this aBR site. The 
other possible site is called mid oxygen (mO) site located at halfway between Br and aBR site. The 

















Figure 1.4 Crystal structure of Naβ-alumina. This section, a plane is parallel to the C axis does not show 
the closest sodium-sodium distance [4]. Large gray circles are oxygens, small gray circles are aluminums 
and black circles are sodiums. 
 
The experimental work suggests that Na β-alumina single crystal is not stoichiometric. It has excess Na 
ion in the conduction plane. According to Peters et al. there are 29% excess Na relative to the ideal case 
[5]. It means that 2.58 Na ion/ unit cell instead of 2 Na ions/ unit cell for ideal case. Mituo Harata found 
that the molecular formula is (1.16+x) Na2O.11Al2O3 where (x=0.19-0.59) [6]. An important consequence 
for the presence of excess Na ions in the crystal structure is the excess negative charges for charge 
compensation. According to Peters et al. it is achieved by the presence of aluminum vacancies. However 
these aluminum vacancies are just near to the conduction plane [5].  The negative charge of the 
vacancies can dislodge Na ion from the BR positions. As the consequence of this not all BR positions are 




K β-alumina can be prepared by ion exchange method. The distribution of cation in the conduction plane 
crystallographic position depends on the stoichiometry, temperature and the type of the cation [3].  R. 
Collongues discussed about three different kind of β-alumina in terms of the cation contents and their 
occupation in the conduction plane. These are stoichiometric β-alumina, ion rich β alumina and usual 
non-stoichiometric β-alumina [3]. 
An example of stoichiometric β-alumina is K β-alumina where the K ion resides in the BR position and 
the result is an ordered structure with ideal cell of β-alumina. No phase transition is observed between 
20K to1300K. However in case of Na and Ag β-alumina the cation displaced from BR site. At low 
temperature an in-plane long range order or a super structure of a   is observed, which is shown in 
Figure 1.5. 
 
Figure: 1.5(a) For ideal stoichiometric β-alumina valid for K β-alumina (b) cation displace form BR site 
to form super structure a   which is valid for Ag and Na β-alumina [7]. 
 
As a consequence of the displacement from the ideal BR site, a strong inter planer coupling appeared 
between the conduction planes. As the long range ordering increases by cooling the conductivity drops 3 
orders between 700K and room temperature.  The distribution of cations in the conduction plane for a 
stoichiometric Ag β-alumina are given in Table 1.2 
 
Table 1.2 Ionic distribution in conduction plane (Z=0.25 ) for stoichiometric Ag β-alumina [3]. 




Ag BR  (6h) 0.37(1) 0.7111 
Ag mO(6h) 0.41(1) 0.7717 
Aga BR(6h) 0.17(1)  0.9707 
Neutron diffraction 
4.2K [7] 






The usual non stoichiometric (NS) β-alumina are widely investigated and the cations are found distributed 
in the BR , aBR and mO positions in the conduction plane. The β-alumina is highly disordered. Electron 




Figure1.6 Electron density in the mirror plane (z=0.25) for different β-aluminas of the usual type obtained 
from Fourier syntheses of X-ray data [8].(a)  Ag β-alumina: major densities on BR  and aBR sites; 
(b)Na β alumina: densities on BR and m0 sites;(c) K β alumina: main occupancy on the BR  sites;  (d) 
same as (c) but showing only the weaker density on the aBR sites[ 3]. 
 












Table 1.3.  Structural parameters for the conducting ion (z=1/4) in the usual β alumina at room 
temperature from X-ray diffraction. 
 
 
High concentration cations are present in the ion rich β-alumina. A quasi long range 2D superstructure 
presents with coherence length of 100 Ǻ as shown in Figure 1.7. There are two different sub cells. In one 
subcells BR is occupied and three mO sites are occupied in the other sub cell.  There is no inter planer 
coupling hence no 3D ordering is observed. A 2D ordering presents in the whole temperature range of 







Position Number per formula Unit X 10
4
  coordinate 
Na  BR   6h 0.75 0.7060 
Na  mO   6h                                      0.48    0.8750 
[9 ]      a=5.594A               c=22.53A            x=0.23 
K  BR    6h 0.78 0.6887 
K  mO    6h 0.38 0.8824 
[ 10]        a=5.602A               c=22.734A            x=0.30 
Tl  BR    6h 0.88 0.6807 
Tl  aBR   6h 0.26 0.9099 
Tl  aBR   2b 0.10 0 
[10 ]        a=5.596A               c=22.912A            x=0.24 
Ag  BR (1) 6h 0.39 0.7009 
Ag  aBR (2)  6h 0.42 0.7 727 
Ag  aBR   2b 0.44 0.9758 





Figure 1.7 a   supercell obtained in ion-rich Na β alumina. Two different sub cells  present in the ion 
rich β-alumina [3]. A black solid circle is BR site and an open circle is mO site. Ionic distribution on 
available site in ion rich β-alumina is shown Table 1.4 [7, 13]. 
 
Table 1.4 Ionic distribution on available site in ion rich β-alumina at room temperature [7, 13]. 
 




  coordinate Unit cell parameter 
Na  BR (6h) .70 0.6760 a=5.62A 
Na  mO(6h) .91 0.8918 c=22.29A 
 =1.61 =0.61         excess of conduction ion 
K   BR (6h) .69 0.6717 a=5.61 A 
K   mO (6h) .93 0.8844 ac=22.56 A 
 =1.62 =0.62  










1.3.2 Crystal Structure of Li containing β-alumina 
 
In this section we will discuss about the Li containing β-alumina crystal.  The crystal structure analysis 
(using powder neutron diffraction) of Li containing β-alumina was first reported by Tofield and 
Farrington [14]. They reported that their β-alumina contained 60% of Li and 40% of Na.  The most 
important result is that the Li ions displace 1    out of the conduction plane with either side of mO sites. 
These out-of-plane positions of the cations were not observed for other β-alumina materials such as Ag, 
Na, K β-alumina, which we have discussed in the previous section.   Bates et al. reported the neutron 
diffraction of 100% Liβ-alumina [15]. The locations of the Li ions in anhydrous Li β-alumina are not well 
determined, because of their small scattering power and diffuse distribution. However there is an 
indication that some of the Li ions are located about 1    above and below the BR sites. Thus Lithium 
might have an out-of-plane position, how different location in the out-of-plane is observed in different 
experiment. To remove this discrepancy Kristinna Edstrom reported structural study of Li/Na β
-alumina[16]. Their X ray diffraction data suggest that  there are three sites for Li ion at temperature 
298K; Li1 (0.7,0.3,1/4) which is close to BR site, Li2(2/3,1/3,0.204) and Li4 (2/3,1/3, 0.227). Li2 and Li4 
are out of the conduction plane and above and below the BR site. The Na ion reside in Na1 position 




Figure 1.8. Observed Fourier synthesis at 298 K for Li+/Na  β-alumina in  (a) the conduction plane at  
z  = I/4,  contour  intervals  0.5e Å
-3











However, Li1 and Li2 sites are observed at the low temperature X-ray diffraction data which is same as 
position as Li1 and Li 2 observed at 298K. Li4 position was not observed at lower temperature. The 








 β-alumina in (a) the conduction plane at z 
=1/4, contour intervals 0.5 eÅ
-3





The out-of-plane position of Li (either side of BR) obtained by Kristina et al. are not similar with position 
observed by Tofield and Farrington (either side of the mO). The temperature dependent Li ion distribution 
observed by Kristina et al. suggests a motion of Li ion along the c direction. The important message from 
the structural analysis is that the occupation of Li ion the β-alumina single crystal is different from the 














1.4 Structure- dynamics relation in β-alumina 
 
In this chapter, we will review our knowledge about the relation between the structure and dynamics of 
cations in the β-alumina crystal. Here we emphasize two important techniques such as Raman scattering 
and the NMR spectroscopy, since this experimental techniques relate to the local structure and the ionic 
motion. 
 
1.4.1   Raman spectroscopy  
 Important information about the microscopic vibrational motion can be obtained from Raman spectra.  
Before discussing the Raman measurement it is important to correlate the ideal position of cation in the β
-alumina conduction plane and corresponding potential landscape. In Figure 1.10 potential minima are the 
position of BR sites and the distance between the two sites is d (~5 Å). Between the potential minima 
there is potential barrier. In case of the stoichiometric K β-alumina, K resides the BR position however, 
the Ag and Na are slightly displaced from the BR sites. The low frequency Raman spectra show the E2g 
peak below the 100cm
-1
 which corresponds to the in-plane vibrational motion of cation [1]. If the in-plane 
vibrational frequency is known then in-plane vibration barrier can be estimated using the following Eq. 
(1.2) 
 
      
                                                                                                                                (1.2) 
m is the mass of the atom, c is the speed of light, d is the distance between initial position and the final 
position.   is the implane vibrational frequeny. Therefore a periodic potential function shown in Figure 
1.10 can be expressed as [1], 
 
Figure 1.10 (a) Potential minima axe centered on BR sites, (b) actual in-plane path that a cation is obliged  







        
   
 
 ,                                                    (1.3) 
where d is the period. In simple ideal case, potential barrier is cosine shape. In case of  the 
stoichiometric β-alumina the minima are centered at BR site therefore d is the distance between BR-BR 
sites.  If we  consider small vibrational amplitude and d=6.4Å  (actual path followed by cation 
BR-mO-aBR-mO-BR),   is the in-plane frequency then from           can be approximated for Na.  
Thus there may be subminima in the stoichiometric β-alumina near the BR site shown in Figure 1.11(a) 
for Ag β-alumina. 
 
 
Figure 1.11 Stoichiometric β-alumina   (a) from [2], (b) from [3]. V0 is 2.25 eV when all BR sites are 
occupied, and 1.6 eV when the neighboring BR site is vacant. 
 
However in case of the non-stoichiometric β-alumina it is not possible to consider simple sinusoidal 
model of energy barrier.  The presence of one more cation in the conduction plane, interstitial oxygen in 
the conduction plane will change the local environment of the cation and the same time the periodicity is 
lost. Therefore instead of a well defined energy barrier, a distribution of energy barrier should have to be 
considered. 
 
By considering the occupation factor the potential well felt by the cation in different sites is shown in 
Figure 1.12. It is shown that the average potential barrier is of the same order of magnitude as the barrier 
for the stoichiometric form. In short, it is possible to estimate the energy barrier for a cation from the 
Raman spectroscopic data of in-plane vibration. This energy barrier corresponds to the activation energy 







Figure 1.12 Schematic  representation  of average  potential function:  (a) Ag
+
  case,  (b)  Na
+
 
case, (--) approximation  with  average  sinusoidal  potential[1]. 
 
Since in the non stoichiometric β-alumina a distribution of energy barrier exist, the center of the Raman 
band corresponds to the average of the potential barrier and the broadness of the distribution is given by 
the width of the Raman band. Since the width of the Raman spectra increases with increase in 
temperature, Arrhenius relations can be employed to estimates the activation energy and the correlation 
time shown in Eq. (1.4). The E0 is the activation energy which corresponds to the potential energy 
barrier.    is the high temperature Raman band width.  
              
  
  
                                 (1.4) 
However activation energy obtained from this line width measurement is related to the macroscopic 
activation energy usually obtained from the ionic conductivity measurement. There could be significant 
difference between V0 and E0. In case of Na β-alumina this difference can be due to the presence of sub 
minima in aBR or anharmonicity due to the large amplitude oscillations. Since the Raman spectroscopy 
gives the vibrational frequency, then it is possible to estimate the mean correlation time by using the 
activation energy obtained from line width data and structural data( from the periodicity and occupation). 
For the non stoichiometric Ag β-alumina mean correlation time appeared to be very large at room 
temperature(~10
-7
 s) if the vibration frequency data is used. However, since the non shoichimentric Ag β 
alumina has broaden Raman band, considering lowest part of the frequency the mean residence time 
appeared  as 2×10
-12
sec. Similar result was also obtained for the non stoichiometric β alumina which is 
a reasonable value for the superionic conductor. Therefore the vibration data and the line width data 
suggest that there exist correlation time distribution including very short and long residence time. 
Raman studies of β-alumina are also discussed by Bates et al. and Roger Frech et al. [4, 5, 6 ]. However, 
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they discussed only structure and structural modification by the inclusion H2O in the β-alumina. Structure 
dynamics relation is not discussed. Furthermore, the dynamical information studied extensively using the 
Raman data are for Na, K and Ag β-alumina. Since the size of the Li ion is very small comparing to the 
other cation dynamical information obtained from Raman data for other cations may not be directly 
applicable to Li ion in the Li β-single crystal. There are only a few studies where Raman band of Li ions 
are related to the translation motion of them. One such important study was reported by Kaneda et al. [7]. 





The vibration mode of Na was also shown at the bottom for comparison. The Raman modes at 428 and 
324cm
-1
 correspond to the spinel block. Vibration of 
7




Li at 393 cm
-1
 in the Li 
β-alumina was observed however such mode was not observed for Na. Therefore vibration of 
7





Li at 393 cm
-1
 in the Li β- alumina are due to the out-of-plane vibration along the c-direction. 
This result suggests that there is displacement of Li ion along the c direction or perpendicular to the 
conduction plane. 
 




Li ions parallel to 
the c-axis. The same region of pure Na β-alumina is shown for comparison [7]. 
 













 same as the out-of-plane 
mode. The in-plane vibration mode for Na in β-alumina was found at 65cm
-1
. If Li ion reside in the same 
position as for Na then in-plane mode for Li can be calculated form frequency mass ratio which is 
118cm
-1.
 However this value is quiet smaller than what we obtained in Raman spectra. The observed 
Raman mode 370cm
-1
 suggest that the position of Li ion is not similar to the Na. Therefore it was 
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assumed that Li ion may move away from the ideal BR site due to the small ionic radius. Considering the 
position dependent interaction ( Coulombic, short range repulsive and polarization energy) the 
equilibrium position Li ion was calculated as 0.8Å above the BR site [ 7]. However there may be Li ion 
can be reside both above and below the BR site at the same time because of the presence of access of Li 
ion in the non-stoichiometry.  There is extra repulsion between the Li ion with a distance of 1.6   












perpendicular to the c-axis. The same region of pure Naβ-alumina is shown for comparison [7] 
 
Another Raman study was reported by the Macro Villa et al. where they observed Li vibration model at 
125cm
-1
. This vibrational mode corresponds to the in-plane position of Li ion and the vibration is along 
the c direction. This mode is consistent with the in-plane vibration mode of Na (65cm
-1
) if the mass ratio 
of Na and Li is considered.  It was also observed that the intensity of 125 cm
-1
 is increased as a function 
of temperature, suggests some kind of redistribution of Li ion is happening between the in-plane and 
out-of-plane positions. At the same time it was observed that 370cm
-1
 Raman mode which corresponds to 
the out-of-plane, Li vanishes as the temperature increases without being shifting its position to the 125 
cm
-1
. This result suggests that the motion of Li ion is a kind of hoping motion instead of gradual 





1.4.2 NMR spectroscopy   
 
 NMR is an important technique to understand local environment of a mobile ion in the β-alumina, which 
is also sensitive to the motion of Li ion. However most of the previous NMR studies are done for 
23
Na 
nucleus in the β-alumina. Intaik Chung et al. studied the Na ion motion in Naβ-alumina by the angle 
dependent and temperature dependent NMR spectra [8]. Because of the strong quadrupole interaction 
23
 
Na a single central peak was observed and no side peak was seen since quadruple coupling constant is 
very large as 2MHz.  The angle dependent quadrupole interaction is characterized by two important 
parameters; quadrupole coupling constant (QCC) and asymmetry parameter  . The temperature 
dependence of these parameters are given in Table 1.5. The quadrupole coupling constant was found 
temperature independent suggesting that the electric field gradient is axially symmetric. On the other hand 
the asymmetry parameter    is temperature dependent which suggests that the occupation of Na ion may 
change from site to site as a function of temperature. Quadrupole coupling constant (QCC) was obtained 
from the angle dependent chemical shift of the central transition peak shown in Figure 1.15. According to 
the second order quadrupole interaction, the relation between the chemical shift    and the orientation 
of the crystal   is expressed as [8], 
     
 




     
                      (1.5) 
             
         
            
Q is the quadrupole moment of the nuclei, e is the charge of the electron,    is Larmor frequency,     is 
the largest component of the electric field gradient (EFG) tensor in the principle axis system. The other 
two components of EFG tensor are VXX and VYY 
    
     
 
  (1.6) 
  
       
   
                                                                                         (1.7) 
There are three crystallographic sites for Na ion in the β-alumina crystal. Thus there should be three 
different peaks in the spectra. However, the observed single line shape suggests that the motion of the Na 
ion between site to site is very fast and therefore no position dependent appeared. From the temperature 
dependent line width using Bloemburgen Pucell and Pound model (BPP) [9] and the Hendrickson and 
Bray [10] model the activation energy was calculated for Na ion motion. The obtained result was 0.17eV 
which is in good agreement with that obtained from the conductivity data. The analytical form of 
modified BPP model and phenomenological Hendrickson and Bray model are given below Eq. (1.8) and 
Eq. (1.9), respectively.  
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α   




      
     
 
                                                     (1.8) 
Here    is temperature dependent jump frequency,   is the gyromagnetic ratio,    is the temperature 
dependent spectral width in Gauss unit, A is rigid lattice line width at lower temperature limit, B is the 
temperature independent line width parameter. 
 
   
 




   
 
  






                                     (1.9) 
Here,    is the temperature dependent spectral width in Hz, E is the activation energy of ionic jump 
motion. K is the Boltzmann constant, T is the temperature, A is rigid lattice line width, B is the line width 
due to thermally activated ion, D is temperature independent line width term appear due to the fluctuation 
of magnetic field. 
Apart from the line width data the spin-lattice relaxation time T1 data was used to study the motion of the 
23
Na including the quadrupole interaction which is related to the local environment of the probe nuclei.  
 
Figure 1.15 Rotation pattern of the 
23
Na NMR central peak shift of Naβ-alumina [8]. The rotation axis is 
[1010]. The rotation angle is the angle between the crystal c axis and the magnetic field direction. The 
solid lines are calculated from Eq. (1.5) [8]. 




-136°C -107°C -59°C RT +125°C 
QCC   QCC   QCC   QCC   QCC   
7   1.94 1.18   1.99 0.344 2.02 0.035 
10   1.98 1.19   1.98 0.576 2.02 0.167 
13   2.02 1.18   2.00 0.457 2.03 0.236 
16   2.03 1.15 1.98 0.912 1.98 0.464 2.03 0.226 
19 2.03 1.29 2.02 1.22   2.00 0.364 2.03 0.136 
Average 2.03 1.29 1.99 1.18 1.98 0.912 1.99 0.441 2.03 0.160 
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Since the non-stoichiometry of the β-alumina leads to a structural disorder around a mobile ion, the jump 
process of a mobile ion should be analyzed with a distribution of energy barriers. Walstedt et al. explained 
the T1 relaxation data in terms of an energy barrier distribution given in Eq. (1.10) for different samples 
prepared in different methods. [11]   
 
  
      
    τ
    
 τ 
                                                 (1.10) 
where   is the quedrupole coupling constant in Hz, τ is the correlation time related to temperature by 
Arrhenius relation   is Larmor frequency depending on the gyromagnetic ratio and the static magnetic 
field.      is the energy barrier distribution function and can be expressed as Gaussian, Lorentzian and 




 Hz) is 
reasonable compared to the previous estimation obtained from angle dependent measurement. The 
distribution of the energy barrier was characterized by the mean value and the width of the distribution. 
The mean energy barrier varies in the range from 0.31eV to 0.134eV. The difference in the mean energy 
barrier corresponds to the variation of the content of defects in different samples prepared differently. The 
attempt frequency    is obtained from the temperature dependent correlation time which is (10
11
Hz) 
which is 1 order lower than that obtained from the infrared and Raman spectroscopy (~2×10
12
 Hz). This 
discrepancy is not well understood. Single crystal NMR spectra were also observed by Iwai et al. for 
109
Ag NMR of Ag β alumina which suggests fast motion of Ag ion among the different crystallographic 
sites [12]. The temperature and magnetic field dependence of T1 relaxation time shows that the relaxation 
mechanism is scaller coupling. Therefore strong Ag-Ag interaction plays important role for high ionic 
conductivity.   Baily et al. discussed the Na β-alumina line width as a function of orientation of the 
single crystal. A quadrupolar shift at two different temperatures 77K and 103K and multiplicity of 
resonances were observed which correspond to the occupation of Na ion in different sites in the 
conduction plane such as BR, aBR and mO [13]. As the temperature increased the motion of Na ion 
among these sites also increase and this gives a single line which is consistent with Intiak Chung et al. 
results. Figure 1.16 shows that the orientation dependent line width follow the second order quadrupole 
spilitting. The low temperature orientation dependent line width was explained by quadrupole interaction 





Figure 1.16 Comparative plots of the line width measured at 209K and the second-order quadrupolar 
splitting as functions of crystal orientation.  The quadrupolar splitting is the difference between upfield 
and downfield resonances calculated for 
     
 
 2.55 MHz and  = 1.1 [13]. 
   
The temperature dependent line width interpreted in this model shows that a thermally activated process 
with activation energy 0.1eV was involved in the Na ion motion. A similar result of low activation energy 
was observed by D. Kline et al. from the temperature dependent line width measurement of Na β
-alumina [14] A low temperature NMR studies at 5K was performed by Keith R. Carduner to locate the 
position of Na ion in the β-alumina crystal [15]. Figure 1.17(a) shows the 
23
Na NMR spectra at 5K. It is 
already known that Na resides in the BR position in ideal crystal structure. However in the real scenario 
the excess of Na ion reside in the conduction plane. So it is very important to study the occupation of Na 
in non-stoichimetric crystal to understand the mechanism of ionic conduction. Instead of a single 
resonance peak observed in higher temperature, several peaks were observed at 5K which is shown in 













Na NMR spectrum of the central 1/2   1/2 transition in Naβ alumina at 5 K (a) 
Experimental spectra. (b) Simulation based on three overlapping bands at α = 0° and six at α = 50°. (c) 










Using the electric field gradient calculation, three different sites of Na ion are identified which are not the 
usual BR aBR and mO site.  The site 1 of Na ion is slightly shifted from the BR site and site 2 and 3 are 
very different mid oxygen position shown in Figure 1.18 
 
Figure 1.18 A representation of the Roth-Reidinger conduction plane in Na β-alumina showing the charge 
compensating oxygen (large filled in circles),  sodiums at sites 1, 2a, 2b, 2c, and 3 (small circles), and 
bridging oxygen  (large open circles). In addition, the dashed circles indicate the structural relaxation of 
sodium 3 and 2c toward the oxygen according to Wang [24]. 
 
Highe and Vaughan et al. discussed about the motion of Li ion in β-alumina material using 7Li NMR 
spectra [16]. They reported the room temperature angle dependent 
7
Li NMR spectra for 91% Li 
β-alumina which is shown in Figure 1.19(a). Satellite separations as a function of orientation are shown in 
Figure 1.19(b). Satellite peaks were observed since the 
7
Li has small quadrupole moment. A single set of 
satellite peak suggests that the motion of Li ion among the sites is very fast which is similar to Na in β
-alumina. The quadrupole coupling constants were obtained from satellite separation which clearly shows 
that QCC depends on the Li concentration. This result suggests the selective site occupation of Li ion or 
change in the nature of the ionic site. The orientation dependent line width is explained by chemical shift 







Li NMR spectra of 91% Li exchange β alumina as a function of   (the angle between the 
static magnetic field and the crystallographic c axis for the rotation 10   and (b) Plotted peak to peak 
satellite separation as a function of   (define in Figure 19a). circles and the triangle represent data for  
single crystal sample of β alumina with 91% and 78% lithium, respectively [16]. 
 
Walstedt et al. suggests that different type of Li ionic motion might present in the low and high 
temperature region since the two region shows different slope in the temperature versus T1 relaxation time 
for Li β-alumina [17]. However small activation energy found in the mixed Li-Na β-alumina suggests the 
presence of co-ionic conductivity effect in β-alumina material. Li ion distribution and its motion were 
studied in details by Marco Villa et al. A very small activation energy and frequency factor was estimated 
from the temperature dependent line width data [18]. The reason of low exponential factor (known as 
prefactor anomaly) is still unknown. A simple model was used to explain the temperature dependent 
satellite separation. The model assumed that Li ion can reside both in-plane and out-of-plane site and the 
site occupational probability p(T) is temperature dependent as,  
                                                                 (1.11), 
      
   
 β   
        
 β           β  
 
  
                                         (1.12), 
Where the p(T) is probability of Li ion occupation on in-plane site at temperature T which is given in 
Eq.(1.12).       s the fraction of Li ion occupying in-plane site at infinite high temperature.         is 
the splitting with 100% Li ion occupation of the in-plane site.    is the small energy imbalance between 
the in-plane and the out-of-plane site. This assumption of out-of-plane site of Li ion is consistent with 
Kaneda et al. [7] and Tofield and Farrington et al.[19]. An angular dependence of 
7
Li T1 relaxation time 
measurement was also performed which was explained by the local and long range diffusion of Li ion and 
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using simple model it was proposed that such relaxation appear from the local as well and long range 
diffusion of Li ions [18]. 
 
1.4.3 Diffusion Mechanism in β-alumina 
 
Apart from the NMR studies a several different approach were taken by researchers to study the 
distribution of cation in the β-alumina. Wang et al. calculated potential energy of Li, Na, Ag, K, Rb and 
Cs by taking into account the long range coulomb potential energy, the short range repulsive potential 
energy and polarization energy [20]. Using the potential energy calculation they predicted the position 
distribution of the cation in the conduction plane. If N is the density of cation for ideal stoichiometry and 
n is the small excess of cation then N-n cation would occupy the BR site and 2n will occupy the site 
between BR and aBR sites. Interstitialcy mechanism was proposed for the non-stochiometric β-alumina. 
For the ideal structure the diffusion is expected to be very slow because of the higher potential barrier. If 
there is deficiency of the cation then diffusion will occur through the vacancy mechanism. In case the 
excess cation exists the structure the interstitialcy mechanism will be energetically favorable. The relation 
between conductivity and the cation concentration can be expressed as, 
  
                (1.13). 
 
For the optimum excess concentration the above Eq (1.13) shows good agreement with experimental 
results. Furthermore for small excess concentration of cation the interaction between the intersitialcy pair 
are neglected and ion diffusion can be explained by random walk model. The limitations of this 
calculation are appeared in case of Li since this calculation assumed that all the cation resides in the 
conduction plane. These calculations of Liβ-alumina undertake in-plane assumption gave very small 
activation energy although the experimental value is much higher than Na β-alumina as was observed in 
Table 1.1. However because of the small size of the Li BR site in the conduction plane is not potential 
minima for Li ion. The calculation suggests that out-of-plane position might be potential minima for the 
Li ion, which is consistent with previous observation. Kim et al. discussed the diffusion mechanism of Na 
ion using the conductivity and tracer diffusivity measurement. [21]Haven ratio HR was estimated from the 
diffusion coefficient Dt directly obtained from tracer diffusion and diffusion coefficient    estimated 
from the conductivity measurement. 
    
  
  
           (1.14). 
A detailed microscopic diffusion mechanism of Na ion in the β-alumina crystal was proposed by Deiter 
Wolf [ 22]. The occupation of Na ion in the conduction plane was estimated and shows good agreement 
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with previously reported result. Temperature dependent Haven ratio was discussed by considering two 
different sates of Na ion namely associated complex where the Na ion is trapped and that of fully mobile 
Na ion in the non-associated complex. The difference between the results obtained from the direct and 
indirect diffusion measurements was also discussed in terms of these two types of Na ions. Kamishima et 
al. calculated many body effect on the ion dynamics in case of Ag β–alumina [23]. Because of the inbuilt 
defects present in the β–alumina structure the ion can take various configurations in the crystal which 
allows the fast ionic motion in β–alumina. They showed that the Ag-Ag weak repulsive interaction 
enhances the ionic motion with high diffusion coefficient and strong repulsive interaction decrease the 
ionic transport with due to requirement of the additional energy for structural relaxation of the 
configuration. This suggests that a relaxation time distribution presents in the β–alumina type materials. 
Recently, Kamishima et al. reported that a new type power law behavior was observed in the frequency 
dependence of conductivity        of Ag β-alumina single crystal where the exponent k is varying 
from 0.11 to 0.15[24]. They suggest that a scale invariance property of two dimensional superionic 
β-alumina is relating to the small power law dependence. In terms of the transport mechanism, the mobile 
ion might move into a random motion in self repeating structure or a fractal dimension. Whittingham and 
Huggins measured Na-β alumina ionic conductivity by reversible electrodes[25]. Their result shows that 
the Na ion moves in the crystal by intersticialcy mechanism. In the mechanism Na ion resides the 
interstitial site and moves to the regular site by displacing the Na ion.  Ionic conductivity of pure Li β
-alumina and Li-Na β-alumina were reported by several researchers [26,27]. Briant et al. observed the 
mixed alkali effect in Li-Na β-alumina and explained this effect by Hendrickson and Bray model [10].  
The ionic conductivity results obtained by Briant et al. are given in Table 1.6. 
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Chapter 2 Experimental 
 
2.1 Ion exchange. 
 
There are several contradictory discussions about preparation of sample with high percentage of Li in the 
β-alumina single crystal.  According to Yao et al. [1] full replacement of Na by Li is unfavorable. Thus 
their suggestion was to first exchange Na to Ag β-alumina by using AgNO3 melt and then Agβ-alumina to 
Liβ-alumina in a melt of LiNO3-LiCl.  Dudney et al.[2] follow the Yao et al.[1] route and prepare Li 
β-alumina. Marco Villa et al. [3] prepare 85% Li β  alumina from Ag β-alumina. On the other hand 
Walstedt et al. [4], Briant et al. [5], Farrington et al. [6] and Kaneda et al. [7] prepared 100% Li 
β-alumina direct replacement of Na by Li ion in the LiCl melt. But Highe et al. [8] prepared 91% 
Li β  alumina in the LiCl melt.  
Since the process is simple we prepared high purity Li β-alumina by direct replacement of Na by Li. 
Since the diffusion coefficient of Li ion is small high temperature ion exchange is helpful for Li ion to 
diffuse in to the β alumina crystal. Since except Marco Villa et al. [3] the previously reported 
impedance and the NMR data of high percentage Li β  alumina was produced from the sample prepared 
by direct replacement sample, we chose the same method for the convenience of the comparison. 
Moreover, we also checked the Ag β  alumina route, but only 91% Li  β  alumina is obtained from this 
process. Previously weight change method [2, 5, 6, 8], nuclear backscattering technique [4], and chemical 
analysis [2, 7] were employed to estimate the Li ion content. There might be considerable uncertainty in 
the measurement of the Li ion content in β  alumina. Thus we took two different routes to prepare Li 
β-alumina.  
The initial material was Na β-alumina single crystal bricks.  The Na β alumina was cut and thus ready 
for the ion exchange.  
Li β-alumina was prepared from the Na β-alumina by ion exchange method. A schematic representation 
of ion exchange process in given in Figure 2.1. 
There are two different routes to obtained Li β-alumina from the Na β-alumina  
(a) Indirect route:  Na β-alumina to Ag β-alumina to Li β-alumina 
(b) Direct route:   Na β-alumina to Li β-alumina 
 Here we give a short description of the indirect route 
(a) Indirect route  
The ion exchange from Na β-alumina to Ag β-alumina was performed in a Pyrex glass tube. At first the 
glass tube was cleaned with water and ethanol and put in to drying for 10 min at 50°C.  Then the glass 
tube is filled with 30% HNO3 acid and kept for 12 hours. After 12 hours the HNO3 is trashed and glass 
tube was cleaned again with distilled water. The glass tube was then heated in vacuum condition for 2 
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hour at 400°C. 
The small pieces of Na β-alumina then was put in the glass tube with AgNO3 salts which were heat in the 
vacuum condition for 6 hours at 160°C. Then the bottom of the glass tube was separated by melting. It 
should be remembered that there is no leaking the melt separation of glass tube. 
 
 
Figure 2.1 Ion exchange process. 
 
The separated part of the glass tube was then heated in the furnace at 360°C for 100 hour.  After natural 
cooling the glass was broken by hammer and put in to the glass beaker with distilled water. Since AgNO3 
salt and NaNO3 salt are very soluble to water, the ion exchanged crystal was isolated from the salt 
immediately within 30 minutes. The crystal was then washed and dried. The change of the weight was 
then calculated from weight of the crystal before and after the ion exchange.  
The ion exchanged Ag β-alumina then put in to alumina crucible with the mixture of LiCl-LiNO3 salt. 





C for 100hours. After natural cooling the crucible was then put in the water filled glass 
beaker and wait for 2/3 hours. The crystal was then slowly isolated from the salt. The ion exchange was 
primarily checked by weight change. The final content of Li was checked by inductively coupled plasma 
atomic emission spectroscopy (ICP-AES).   
 
(b) Direct route 
In the direct route Li β-alumina was directly obtained from the Na β-alumina.  
The Na β-alumina sample was mixed with high purity LiCl salt in alumina crucible. Then the crucible 
was kept in high temperature furnace (Hi temp furnace FG41 of Yamato) at 700°C for 24 hour. Heating 





Figure 2.2 Heating cycle for the direct method. 
 
After Natural cooling the crucible was then put in the water filled glass beaker and wait for 2/3 hours. 
Then the separated crystals were washed and dried and was ready for weight measurement and ICP 
experiment. However, we tried one more heating cycle to test the influence of steps and heating time. In 
case of the second heating cycle, the washed crystal was mixed with fresh LiCl salt in the alumina 
crucible and heating cycle of the Figure 2.2 was repeated.  A schematic description of ion exchange 
method are given in Figure 2.3. 
 
 




The confirmation of Na, Li and Ag content in the ion exchanged β-alumina performed by ICP-AES 
(Inductively coupled plasma- Atomic Emission spectroscopy) experiment.  Two different type of 
solution was made for ICP.  
(a) Sample solution 
(b) Standard solution 
 
Ion exchanged β-alumina was washed and dried and the crushed in the crucible and very fine powder was 
prepared by hand milling.  The small amount of fine powder (for example 20mg) was put into a silica 
beaker with 30ml 85% H3PO4 acid.  This acid solution was then heated at 170°C for about 100 minutes 
to make β-alumina completely soluble in the acid. After a clear solution was achieved then we put 70 ml 
distilled water in the Silica beaker to make 100 ml sample solution. The sample solution is ready for ICP 
experiment. 
(c) Standard solution 
Usually, different concentrations of standard solutions were prepared depending on the Na, Li and Ag 
content in the sample solution. A careful guess have to be made and atomic weight of Li Na and Ag have 
to be taken in to account. We prepared Na and Li standard solution 2,4,6,8 ppm of. Since pyrex glass 
contained Na ion and by adding H3PO4 acid in the pyrex glass may contribute additional Na in the 
solution therefore in any steps of the solution preparation for ICP experiment the use of pyrex was 
avoided. 
 
2.3 Magic angle spinning NMR  




Na. The powder sample was rotated with 0 to 30 kHz with magic angle 54.7
°
. By rotating in magic 
angle with higher speed the spectra become sharp and free from the anisotropic effect. These spectra are 
used to estimate the Li content in the sample which is complementary method of ICP-AES.   
 
2.4 X Ray diffraction 
 
(a) Powder X ray diffraction was performed by Rigaku-RINT V. The range of 2  is 5° to 80°. Scanning 
rate is 2°/ min.  
(b) Single crystal X-ray diffraction experiment was performed by Rigaku RAXIS-RAPID II. 






2.5 Impedance Measurement 
The ionic conductivity of Li β–alumina single crystal was measured by ac impedance method using 
Solatron SI 1260 impedance/gain phase analyzer within a frequency range from 1 Hz to 1 MHz. A 
temperature control furnace TABAI MIN SUBZERO MC 810 was used. The impedance measurement 
was performed by decreasing the temperature from 373 K to 293 K. The ionic conductivity was also 
measured using Alpha-A high Performance Frequency Analyzer of Novocontrol Technologies in 
frequency range from 0.01Hz to 10 MHz. The impedance measurement was performed by decreasing the 
temperature from 473 K to 293 K and temperature was controlled by flowing liquid N2 gas. The ionic 
conductivity was measured using bulk resistance and the cell constant. The two opposite face of the single 
crystal was sputtered by gold so that ionic conductivity can be measured perpendicular to the c direction. 
The gold sputtering was done at vacuum condition by Quick coater of ULVAC KIKO INC with ion 
current 10mA for 30 minutes for each plane.   
 
2.6 Static NMR spectroscopy  






Li NMR measurement was done by BRUKER Avance 400 (9.4 Tesla). The 
7
Li 1D spectra 
were observed using 90 pulses with Larmor frequency 155.5MHz. The larmor frequency for 
23
Na is 
100MHz.  The angle dependent chemical shift was measured by static NMR probe. The sample holder 
was handmade of alumina glass.  
 




The axis of the glass tube is perpendicular to the static magnetic field. The single crystal was rotated by 
rotating the alumina glass sample holder about the axis of orientation. A schematic representation of 
position of Li β-alumina single crystal in NMR radio frequency coil is shown in Figure 2.4. In the parallel 
orientation the sample c axis is parallel to the static magnetic field that the angle between the c axis and 
the magnetic field is 0°. In the perpendicular orientation the angle between the c axis and static magnetic 
field is 90°. In case of 
23
Na NMR measurement for β-alumina single crystal any glass that contain Na ion 
should be avoided, otherwise a broad Na spectra ( corresponds to the amorphous nature of glass) would 
super impose with 
23
Na spectra from the single crystal. The temperature dependent spectra were measured 




pulse width is 26 µs, the relaxation delay time 0.85sec, and the chemical shift was calibrated by 1M LiCl 
standard solution. The temperature of the sample was controlled by flow Nitrogen gas.   
 
2.6.2 T1 relaxation measurement 
 
 The spin lattice relaxation time T1 measurement was performed by inversion recovery pulse sequence 
which is shown in the Figure 2.5 below 
 
 
Figure 2.5 Inversion recovery pulse sequence. 
 
The width of the   pulse 40 to 45 µs, the 
 
 




and   varies in each experiment, and the amplitude of the spectra was plotted as a function of this delay 




The time d1 must be larger than the T1 relaxation time.  
 
2.6.3 Diffusion measurement 
 
The diffusion coefficient was measured by a stimulated echo pulse sequence shown in the Figure 2.6 
below. The gradient pulse duration δ was set to 5 ms and the diffusion time   was varied from 10 ms to 
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300 ms.  Maximum field gradient was 1492 G/cm. We measured the diffusion coefficient in the 
temperature range of 297 K–333 K.  We used the 5 mm diameter glass tube for diffusion coefficient 
measurement. Small pieces of single crystals were fixed in different angle with respect to the static 
magnetic field in the glass tube with the help of small Teflon cylinders as shown in Figure 2.7. The set for 
ups angle dependent measurement are shown in Appendix H.   
 
 






Figure 2.7 Crystal orientations in the diffusion probe. Crystals are adjusted in the 5 mm glass tube with 





Chapter 3 Results  
 
3.1 Composition analysis by ICP-AES 
 
The results of the ICP experiment are shown in the Table 3.1 below. 
In the direct method, alumina crucible was used in the high temperature furnace in the open atmosphere. 
On the other hand in the indirect route, pyrex glass tube and alumina crucible was used. It turns out that 
high percentage of Li ion contained β-alumina is obtained in the direct ion exchange route.  Samples S-1 
and S-2 followed the same procedure with similar thermal treatment which produced 93% and 98% Li 
β-alumina respectively. The reason behind this 5% difference is unknown, however it can be generally 
concluded that using direct route with two step processes one can yield high Li content Li β-alumina.  
The use of the high temperature is important from two point of view; one is the melting temperature of 
LiCl is 675°C and thus ion exchange must be higher than that temperature, secondly since Li ion 
diffusion is slow compare to Na ion then the thermal energy obtained from the high temperature 
facilitates the Li ion moving in to the β-alumina crystal. However from the direct route with single step 
with 48 hour time the Li content is 83.8% which is only 4% higher than if single step with 24 hours time 
is given. This shows that two or more steps at same temperature in the ion exchange give higher Li 
contents. 
 
In case of the indirect route, it takes long time to finish the ion exchange process. The advantage is that it 
needs lower temperature. However after 200 hours of heat treatment the yield is 91.3% and still small 
amount Ag and Na is remaining in the sample (S-5).  An interesting result appeared in case of sample 
S-6 where Li percentage is only 29.4%.  
We used pyrex glass tube for the Ag β alumina to Li β-alumina exchange at temperature 360°C.  The 
higher amount of Na appears in the sample might come from the pyrex glass which is soften at 360°C. 
The competition between the Li from the salt mixture (LiCl+LiNO3) and Na from the glass tube occurring 
during the ion exchange process to replace the Ag from β-alumina. It seems that Na ion wins in that 
competition. 
 
One of the disadvantages of the elemental analysis of the ICP experiment is the solubility problem. To 
obtain a reliable result the element in the sample must be soluble in the solvent. Therefore the appropriate 
solvent is necessary. A clear sample solution with accurately measured standard solution can give reliable 
result in the ICP experiment. In our case we used H3PO4 as a solvent. We must be careful about the glass 
beaker because it can contaminate the solution. Therefore a cross check is necessary. Since we are using 
NMR spectroscopy for our research, magic angle spinning (MAS) NMR was used for the elemental 
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analysis especially for Li and Na content in the sample. The advantage is that we don’t need to make a 
sample solution. We can directly use the powder sample. Na and Li contents for 3 different samples are 
shown in Table 3.2 with corresponding result obtained from the ICP experiment. It turns out that MAS 
NMR estimate 10-12% lower Na content than ICP experiment and therefore 10 to 12 % over estimation 
of Li ion. The might be understood from the following fact. 
We used rotation speed from 0 to 30 kHz for the MAS NMR .As the speed of rotation increasing the 
spectra become sharper. For the integration we used the 30 kHz spectra. It appeared from the Figure 
3.1(b) that the 
23
Na spectra is very broad even at the higher frequency for 80% Li β-alumina. We 
integrate the observable sharp part of the spectra only.  The presence of broad 
23
Na spectra is a reason 
for the lower estimation of Na. Since we have estimated the molar ratio from the mass ratio therefore 
lower estimation of the Na give the overestimation of the Li ion. Furthermore the 
23
Na spectra for the S-1 
is so broad that it looks almost flat in the naked eye even at 30kHz as show in Figure 3.2 (b) which  
corresponds to Na ion  present in the sample S-1. However ICP result show 7%Na ion present in the 
sample. The 
23
Na spectra become broader as the percentage of Na ion is decreasing in the sample. Since 
the sensitivity of Ag is lower than the Na and the percentage of Ag is very small in the sample we didn’t 
perform the Ag MAS NMR.  




Li ion MAS NMR spectra at 30 kHz with standard solution. 
 
Table 3.1         Composition analysis by ICP-AES experiment. 
Sample  
name 
 Li% Na% Ag% Processing route Time(h) 
S-1 LIB(27022013) 93.0 7  Direct (two step) 48 
S-2 LIB(18102013) 98.3 1.7  Direct (Two step) 48 
S-3 LIB(06022013) 79 21  Direct(one step) 24 
S-4 LIB(24012013) 83.8 16.2  Direct (One step) 48 
S-5 LIB(26022013) 91.5 4.08 4.39 Indirect 200 
S-6 LIB(28012013) 29.4 68.9 1.61 indirect 200 
 
Table 3.2 Comparison of ICP and MAS NMR technique. 
Sample no Sample ID 
 









S-3 LIB(06022013) 79 21 89 11 
S-4 LIB(24012013) 83.8 16.2 96 4 
S-6 LIB(28012013) Li 29.4 Na=68.9 Ag= 1.61 39.9 60.1 







Figure 3.1 MAS NMR spectra (a) 
7
Li (b) 23Na  for the sample 80% Li β-alumina. 
 
 
Figure 3.2 (a) 
23
Na MAS NMR spectra 30% Li β-alumina. The green sharp peak correspond to 1M NaCl 
standard solution (b ) 
23
Na spectra is almost flat in case of 93% Li β-alumina. The black sharp peak 













3.2 Crystal  structure  

















Figure 3.3 X-ray diffraction data of Li contained β-alumina by direct and indirect method. For 
comparison the Na β-alumina data was given.  
 
The powder X-ray diffraction patterns of ion exchanged Li β-alumina are shown in Figure 3.3  
Diffraction plane were identified from standard data from NaAl11O17 crystallographic data (pdf 
#072-0587(RDB)). A new peak was observed at 44° which was not found in pure Na β-alumina powder. 
However as the Li content increases in the powder the peak at 44 becomes sharper. This peak was 
identified as the characteristic peak corresponds to Li0.75Na0.47 Al11O17.11 (pdf#088-308). Most of the 
diffraction peaks move to the lower angle as the Li content is increased as shown in the Figure 3.3 with 
black line. We identified at least 10 planes that shifted to the lower angle. This planes are (114), (008) 
(107) (0 0 10) (1 0 8) (2 0 6) (2 0 5) ( 2 0 10) (1 0 13) (2 0 13)  (2 1 7) ( 2 0 14). The corresponding 2  is 
identified as a function of Li content. Since β-alumina is hexagonal crystal structure, the lattice 






































   
 
     
   (3.2). 
here    is the wave length of the incident X-ray beam which is 1.54Ǻ for CuKα, and the h, k 
and l are the Miller indices. d is the inter planer distance. Since β-alumina is hexagonal crystal structure, 
the above equations are used and a, and c is lattice parameters. The lattice parameter estimation suggests 
that the c axis is getting longer as a function of Li ion. The previous reports show that replacement of Na 
ion by Li can elongate the c axis [1]. This result is interesting because the ionic radius is smaller (0.68 Ǻ) 
than the Na (0.98Ǻ).  However, Yao et al. suggested that, Li ion is displaced from the conduction plane 
and move to the either of the conduction plane.  An electrostatic consideration increases the separation 
between the oxygen planes. Since the Li ion displaced from the conduction plane the conduction plane 
crystallographic sites are not the most stable position for Li ion. Therefore Li contained β-alumina are 
resembles of a disorder crystal structure.  
Since many peak positions shifted to lower angle as the Li ion content was increased, the lattice 
parameters are estimated from the shift. Figure 3.4 shows that the c axis is increasing as a function of Li 
ion content which is consistent with Yao and Kummer`s data [1].  According to our estimation the 













Figure 3.4: C axis length as function of Li ion content in β-alumina single crystal. 
 
This value is larger than Yao and Kummer reported value of 0.11Ǻ. Yao and Kummer also suggest that Li 
ion might exist in the out of the plane cite and not reside in the conduction plane. This estimation is 
supported by Toefield and Farringdon XRD data where they found the Li ion 1Å above the conduction 
plane [2]. Kaneda et al. also found the Li ion slightly move 0.8Ǻ along the c axis above the BR site [3]. 
Edstrom et al also observed out-of-plane Li in Li Na β-alumina [4]. Wang et al. calculate the potential 
energy curve for Li ion in β-alumina [5]. They found that because of the small size in-plane position is not 




























Li ion content (%)
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the potential minima for the Li ion. The potential minima may be out of the plane site. 
 
 
3.2.2 Single crystal X-Ray diffraction 
      
 
 
Figure 3.5 Structure obtained from single crystal XRD. Red circles are oxygens, dark blue circles are 
aluminums and green color corresponds to Lithium. 
 
We obtained the single crystal XRD data of our high content 98%Li β-alumina single crystal ( We like to 
thank Professor Yamane Hisanori of IMRAM for single crystal X-Ray diffraction experiment ).  The 
structure obtained from the single crystal XRD are given in Figure 3.5.  The lattice parameters are 
a=b=5.59496Å and c=22.68420Å. This result is slightly lower than lattice parameter obtained from our 
powder diffraction data using Eq.（3.1）and (3.2), however show good agreement with Yao and Kummer 
data (a=b=5.593Å, c=22.642Å) [1]. The structural data suggest partial occupancy of Li ion in the out of 
conduction plane site (above and below the conduction plane). There are two different Li ion are found 
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named as Li1 (0.077, 0.154, 0.25) and L2 (0.33333, 0.66666, 0.21). Li1 is in-plane site and L2 is 
out-of-plane site.  A very small partial occupancy of Na ion is also obtained. The detailed structural data 
was given in Appendix E (Table E1). Li1 and Li2 have partial occupancy 0.28 and 0.217, respectively.  
The simple XRD intensity data usually shows the statistical distribution of atoms. If a site is not fully 
occupied by an atom, the site is statistically occupied with the probability shown by an occupation factor 
(or occupancy).   Some positions of the sites in the structure are occupied but others are not.  So, we 
cannot see the exact real local structure or moving atoms.  We can get information only about the overall 
average structure, and partially occupied sites indicate that the structure is disordered. The partial 
occupancy was also observed by Edstrom et al.  It appears that the two data are consistent with each 
other if the difference of concentration of Li ion is taken in to account. It also appeared that Al1 (0.1607, 
0.321, 0.175) and O3 (0.119, 0.238, 0.25) has small partial occupancy of 0.054. The O3 oxygen resides in 
the conduction plane and their small partial occupancy suggests that it is oxygen vacancy. Since the Li β
-alumina has excess of Li ion therefore an excess of positive charge appears due to the oxygen vacancy. 
Thus small partial occupancy of Al near the conduction layer corresponds not only to the excess Li but to 
the oxygen vacancy to maintain the charge neutrality. The final results are summarized in Appendix E 


















3.3 Transport measurement  
 
There are two popular ways to obtained transport properties. A macroscopic transport measurement is 
performed by impedance spectroscopy and microscopic transport properties will be obtained by nuclear 
magnetic resonance spectroscopy. Since Li β-alumina is a superionic conductor with high ionic 
conductivity we will start our study with the impedance measurement which will give us the two 
important transport parameters; one is ionic conductivity and other is activation energy for jump motion. 
This will serve as a basis to compare our experimental data obtained from NMR measurement. 
 
3.3. 1 Impedance measurement  
The ionic conductivity of the β-alumina single crystal with different amount of Li content is measured 
using ion blocking electrode, gold. Gold was sputtered on the ab plane by quick coater of ULVAC KIKO, 
INC. The thickness of the coating or gold electrode is 600nm.The conductivity was measured along the 
ab plane as shown in Figure 3.6 below. The area of the ab plane can be found from the multiplication of 























Table 3.3  Size of the β-alumina single crystal used in the impedance measurement.  
 
The ionic conductivity of the sample was evaluated from impedance method, which is now established 
for the characterization of ionic conductors or solid electrolytes; the details are given in Appendix A. 
From the complex impedance values (Z*=Z'+iZ") of the sample as a function of a frequency , the real 
and imaginary parts of the conductivity ' and " are evaluated as, 









)= ωε0ε'(ω) (3.4) 
Resultant '() is usually a increasing function of the frequency of  below microwave frequency region 
of 10
10
 Hz down to 10
-4
 Hz as shown in the Appendix A1. Observed ac conductivity () generally has a 
common feature as shown in Figure A1, where the whole frequency-temperature-conductivity map is 
separated into three different regions. The first one is the low frequency and high temperature region 
corresponding to the polarization between the solid electrolyte and electrode, where the () has large 
frequency dependence of ~
p
 (p~0.5-1.0). Second region is a intermediate frequency and temperature 
region, where the s(w) is almost frequency independent as seen in 100kHz to 10MHz at high temperature 
and 1 Hz to 100Hz at low temperature; this temperature independent flat region corresponds to a "bulk d.c. 
conductivity" dc. The third region is seen at high frequency and low temperature, where the conductivity 
σ() shows frequency dependence again as ~n (n~0.6) called Jonscher region and ~m (m~1.0) called 
constant loss region. 
 An interesting feature of the ac conductivity () of the present Li β-alumina is that the second 
region corresponding to the dc conductivity does not seem "flat" or frequency independent but exhibit 
small frequency dependence of ~
a 
(a ~0.1~0.2). This unusual small frequency dependence is first 
reported by O. Kamishima et al. in Ag β-alumina [6] and is discussed as a unique nature of 2 
dimensional ionic conductors. One serious problem arose from this small frequency dependence is that it 
is difficult or even impossible to determine the "bulk dc conductivity" of β-alumina from impedance 
analysis, since the ideal limit of →0 gives the conductivity ()~a to be 0. This paradox is now called 
as "lack of dc conductivity in low dimensional ionic conductors" by Kamishima et al. [6], which is known 
in one-dimensional ionic conductors of hollandite etc. [7]. 
In order to estimate the "bulk conductivity" of the Li β-alumina, we evaluate the conductivity from a 
Li content Sample name Length(mm) Width(mm) Thickness(mm) 
98% LIB(18102013) 5.34 2.42 0.30 
93% LIB(27022013) 4.46 1.96 0.48 
80% LIB(06022013) 6.14 5.08 0.50 
30% LIB(28012013) 4.37 2.50 0.62 
0% Naβ-alumina 4.85 3.95 0.57 
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conventional Cole-Cole plot, in which the conductivity is estimated from the intercept of a complex 
impedance semi-circle to the Z' axis. This value is almost the same as the conductivity value at 1MHz 
near the room temperature. Thus, the bulk ionic conductivity was evaluated from the conductivity at 1 
MHz, which is given in the Table 3.4. The activation energy was estimated from the following Arrhenius 
relation; 
   
  
 
     
  
  
   (3.5). 
 
Thus obtained activation energy E is comparable to the previously reported activation energy for the "dc 
conductivity". A list of the activation energy Eand the room temperature conductivity measure at 1MHz 
are given in Table 3.4. Figure 3.7 shows the temperature dependent conductivity of the β-alumina sample 
measured at 1 MHz.  According to the Table 3.4, the Na β-alumina shows activation energy of 0.13eV, 
which is slightly lower than those obtained by other researchers [8, 9]. 
The 98% Li content sample shows the activation energy of 0.24eV which is in good agreement with 
previously reported result for 100% Li β-alumina [9].  In Figures 3.8 (a) and (b) the room temperature 
conductivity and the activation energy were plotted as a function of the Li content．It turns out that a 
conductivity minimum and the corresponding activation energy maximum were observed at 80% of Li.  
This phenomenon is known as a "mixed alkali effect" in ionic conductor glasses [10, 11, 12], which is 
also observed previously for β-alumina [9]. In oxide glasses, where two dissimilar alkali species coexist, 
many physical properties, most notably ionic conductivity and viscosity, demonstrate remarkable 
deviation from the linearity when one alkali cation substitutes another under the fixed total concentration 
of alkalis. The mixed alkali effect is also observed in β-alumina when two different mobile cations are 
coexisting in the conduction plane; ex. Na-Li, Na-K etc [9, 13]. In our observation, the pure Na β-alumina 
has high conductivity of 10
-2
 S/cm, the 80%    β  alumina has conductivity of the order of 10-4 S/cm, 
then again the conductivity is increased for 93%    β  alumina to 10-3S/cm. Such a non linearity for 
resistivity (thus conductivity) as a function of concentration of Li is reported by Briant et al. [9], where 
the Li ion concentration corresponding to the conductivity minima is around 80% Li, which is consistent 






























Figure 3.7 Temperature dependent ionic conductivity for different amount of Li content β- alumina single 
crystals. 
 
Figure 3.8 (a) Conductivity and (b) activation energy as a function Li content in β-alumina single crystal. 


































As was discussed briefly at the beginning of this section, we observed a strange frequency dependence of 
conductivity in Li and Li-Na β-alumina. In most of the ionic conductors including crystal, glass, liquid 
and polymers etc., a frequency independent or a flat region is observed around 1 Hz to 1MHz which is 
corresponding to the "dc" ionic conductivity of the material. However in case of our Li containing β
-alumina samples, the conductivity shows a small frequency dependence even at the "flat" frequency 
region between 1Hz to 1MHz, where is observed a small power law behavior of () ~
a 
(a ~0.1~0.2). 
Although this observation is very new and important for the fundamental understanding of ion dynamics 
in Li(Na) β-alumina, no clear consensus is available but is now under a strong debate in the scientific 
community so we put this observation and possible explanations in the Appendix A1. 
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3.4 Solid State NMR measurement 
 
3.4.1 Justification of the NMR measurement 
 
In the previous Section 3.2 we discussed about the average crystal structure of Li β-alumina by powder 
and single crystal X-ray diffraction. In Section 3.3 we discussed about ac impedance measurement which 
provides in general the macroscopic description of the ionic motion. To understand the transport 
mechanism of Li ion it is important to study the structure and motion of Li ion microscopically. Nuclear 
magnetic resonance (NMR) is very sensitive technique on the microscopic structure and dynamics of ions. 
In the following we will first give a short introduction of NMR theory. 
In this section, after a brief preparation of the theoretical formula, three main results will be given on the 
7
Li NMR experiments of Li β-alumina single crystal; angle dependent spectra, temperature dependence of 
satellite separation, motional line narrowing, longitudinal relaxation time and diffusion coefficient 
determined by pulsed field gradient NMR. 
3.4.2 Theoretical background of 7Li NMR spectra 
NMR spectra, the line width, the relaxation times T1, T2 etc can be analyzed based on the well established 
NMR theory [14,15,16]. Here we will list up the final equations useful for the present purpose of NMR 
analysis, although the detailed derivation is given in Appendix B.  
The total energy of a spin system under the static magnetic field B is expressed by the following 
Hamiltonian composed of many contributions,  
                     (3.6). 
Here, the first term is the Zeeman term of 
           z (3.7), 
which gives Larmor frequency 
        (3.8), 
for the nucleus with giromagnetic ratio  .  
The second term Hcs is a Chemical shift Hamiltonian,  
                              (3.9) 
Here,    is called "shielding tensor". Because of this interaction, the peak frequency of the NMR 
spectrum shifts from    to   . 
The definition of the chemical shift value   is defined as, 
   
     
  
 
            
  
     (3.10), 
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and is usually expressed in [ppm] unit. Although the chemical shift tensor is averaged by the fast motion 
of the molecules in case of liquid, it shows often an anisotropic nature, which gives an orientation 
dependence of the NMR peak position. Thus the angle dependent chemical shift can be expressed as,  
        
                   
                   
           (3.11), 
where    
   ,    
   and    
   . are the shielding tensor components in principal axis system. The detailes of 
the derivation is given in Appendix B. 
The third term HD is a dipole Hamiltonian given by, 
                                  (3.12). 
Here, 
      
  
  
     
   
   (3.13), 
is a dipole-dipole coupling constant determined mainly by the distance rjk between the spins j and k. 
The fourth term HQ is called quadrupole Hamiltonian, which is of most importance in
 7
Li NMR. Since the 
7
Li nucleus has spin number I= 
 
 
 , it has a quadrupole moment Q which couples to the electric field 
gradient  αβ at the nucleous to give an extra quadrupole coupling energy,   , 
    
 
 
  αβα β  αβ (3.14). 
The electric field gradient or second derivative of electric potential  αβ , 
  α β   
   
  α β
 
   
   (3.15) 
can be estimated by first principle quantum mechanical calculation considering all the electron 
distribution around the nucleus. Actually, in section 4.1, we will calculate this term by Gaussian03 
molecular orbital program. Usually, the quadrupole interaction can be expressed by the following two 
parameters;  
Principal electric field gradient, 
      = eq  (3.16) 
and asymmetry parameter, 
    
       
   
 (3.17) 
The Eigen value of the quadrupole Hamiltonian acting on the spin state m can be written as,  
            
    
        
 
        
 
               (3.18). 
Therefore, the quadrupole coupling does not shift the –m to m transition in first order. However the 
transitions from m to m+1; ex.  
 
 
 to  
 
 






 are shifted by the frist order interaction. Thus 
three peaks will be observed in case of I = 3/2.  The middle peak is called a "central peak (CT)" and the 
two side peaks are called "satellite peaks (ST)". Because of the Eq. (3.18), the satellite peak position 
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depends on the orientation angle  . The satellite separation directly gives the quadrupole interaction 
energy. Therefore in case of the single crystal, the orientation dependence of the satellite peak position 
give the evidence of the first order quadrupole interaction which gives us information on the local 
structure around the 
7
Li nucleus. From the Eq. (3.18), the angle dependent satellite separation     for 7Li 
nucleus with spin I=3/2 can be expressed in unit Hz as,  
        
    
  
          )  (3.19). 
As we already given in Section 1.4, the constant term in Eq. (3.19) is often called quadrupole coupling 
constant QCC which is defined as, 
     
     
 
 (3.20). 
Finally, the last term    of Eq. (3.6) is called J-coupling Hamiltonian, which has little contribution in 
case of 
7
Li NMR of β-alumina, although it is significant in 108Ag NMR relaxation in Ag β-Alumina 
[Section1.4, 12]. 
 
3.4.3 Angle dependent 7Li NMR spectra 
In this section we will show the results of angle dependent
 7
Li NMR spectra of Li β-alumina single 
crystals. Figure 3.9 shows the angle dependent 
7
Li NMR spectra of 80% Li β-alumina measured at room 
temperature. Figure 3.10 is the same for 93% Li β-alumina. A sharp central peak is clearly observed for 
both two samples, whose peak position slightly shifts as a function of the angle  . 
 
Figure 3.9 Angle dependent 
7







Figure 3.10 Angle dependent 
7




Li nucleus has rather small quadrupole moment it is possible to observe the satellite peaks directly 
with the CTs as in Figure 3.9 and 3.10. Two broad satellite peaks are observed at both sides of the CT 
about ±50 ppm in case of the 80% sample (see Figure 3.9 indicated by arrows) and at about ±80 ppm 
in 93% sample (see Figure 3.10). The angle dependent satellite separation       can be measured from 
spectra and plotted as a function of the angle   as shown in Figure 3.11 and 3.12 for 80% and 93% Li β
-alumina respectively.  
The quadrupole coupling constant QCC was obtained by fitting the experimental result with Eq. (3.19) 
assuming the asymmetry parameter  =0. It appears that as the Li content is increased the QCC is also 
increasing. The composition dependences of the QCC are given in Table 3.5. While the satellite 
separation varies as a function the orientation of the crystal, the central peak position is also slightly 
shifting. This angle dependent chemical shift is not due to the quadrupole interaction since central line 
position does not shift due to 1
st
 order interaction. It turns out that the angle dependent chemical shift is 
due to the chemical shift anisotropy given by Eq. (3.11), details of which is given in Appendix B. Figures 
3.13 (a) and (b) show the angle dependent chemical shift for 80% Li β-alumina and 93% Li β-alumina 
respectively. The experimental data are fitted with Eq. (3.11) as shown in Figure 3.15. The corresponding 






 Table 3.5 QCC for two different Li contained β alumina single crystals. 
 Quadrupole coupling constant 
QCC (Hz) 
80% Liβ alumina 11258 















Figure 3.11 Angle dependent satellite separation as a function of orientation 80% Li β-alumina. Black 
squares are experimental value and black line corresponds to Eq. (3.19). 
 
 
    
       
       
    
80% Liβ-alumina 11.74 11.74 16.9 








Figure 3.12 Angle dependent satellite separations as a function of orientation 93% Liβ-alumina. Red 













Figure 3.13 Central peak positions shifting as a function of orientation (a) 80% and (b) 93% Li β-alumina 
at room temperature. The red curves correspond to Eq. (3.11). 
  






















































3.4.4 Temperature dependent satellite separation  
 The temperature dependent 
7
Li NMR spectra are shown the Figure 3.14 and 3.15 below for 80% 
and 93 % Li β-alumina at parallel orientation.  The spectra consist of the three peaks. The central narrow 
peak and broad satellite peaks. As the temperature increased the separation between the satellite peaks 
increased.  At lower temperature satellite peaks are broader and at high temperature the peaks become 
sharper. Since Li β-alumina is disorder crystalline material, Li ions have many local environments with 
different quadrupole interactions. At a lower temperature such distribution of local environment give the 
broaden satellite peaks. At lower temperature the distribution is so large that it makes the satellite peaks 
much broader and is difficult to be observed. However, as the temperature increases, because of the fast 
motion of the Li ions the detailed quadrupole interaction will be averaged to make the satellite peaks 
sharper. However the satellite peaks become much sharper in 80% Li β-alumina than 93% Li β-alumina. 
The broader satellite peaks in 93% sample suggest that there is more structural disorder in 93% sample 
than 80% sample even at higher temperature.  
 Figure 3.16 in the CT peak there are addition structures appearing at higher temperature with 
narrow central line. At lower temperature this structure merges to a single broader CT line. Similar extra 
structure in the Li β-alumina single crystal was also observed by the Marco Villa et al. and was attributed 
to a possible macroscopic heterogeneity [17].  Since even at high temperature the structure can be 
resolved as shown in Figure 3.17, the residence time of the Li ion in the structure can be estimated from 




 sec. We don’t know exactly what the 
correlation time is since we don’t have the full picture of the T1 as function of time. However, recalling 
the previous experimental data the correlation time is as high as 10
-10
 sec which is much smaller than the 
life time of the Li ion in the macroscopic inhomogeneous region. According to Marco villa et al. some Li 
ions are frozen in with other Li ion moving faster. This macroscopic inhomogenous region only revealed 
at high temperature seems to be consistent with our qualitative discussion about the frequency dependent 







































Li NMR spectra as function of temperature 93% Li β-alumina at parallel orientation [18]. 
  



























































Figure 3.16 Expansion of a 7Li NMR CT peak at high temperature for (a) 80% Li β-alumina (b) 93% Li 















Li NMR Peak deconvolution of the 
7
Li NMR central transition (CT) of 93% Li β-alumina 
single crystal at 480K. Black line is the experimental 
7













chemical  shift (ppm)





























3.4.5 7Li NMR line narrowing  
 
3.4.5.1 Theory of line narrowing or motional narrowing  
 
The one dimensional 
7
Li NMR spectra consist of two satellite peak with one sharp central transition peak. 
Because of the small quadrupole moment of 
7
Li, it is possible to observe the first order quadrupole 
interaction of 
7
Li in β-alumina crystal. The first order quadrupole shift of the satellite peaks are given by
 
the following Eq (3.21) [15], 
        
    
  
                       )                 (3.21) 
Here the eq is electric field gradient along the z direction. Q is the nuclear quadrupole moment of 
7
Li and 
e is the charge of electron. The parameter       is peak to peak satellite separation in unit of frequency 
for spin 3/2 system,   is asymmetry parameter,         are polar angle in principle axis system. The first 
part of the right hand side of Eq (3.21), 
    
 
  is called quadrupole coupling constant. The orientation 
dependent of the central peak position shifting suggests the chemical shift anisotropy. The broader 












) is determined by the interaction of 
7
Li 
quadrupole moment with the EFG due to the surrounding charge distribution. Similar to the glass many 
crystalline materials  have disorder in the crystal structure, and due to this disorder there may be 
distribution of quadrupole coupling  constant and asymmetry parameter which give rise to the very 
broad satellite peak at lower temperature. 
At the lower temperature nuclear spin under investigation (in our case it is 
7
Li) feels different local 
magnetic field and hence the spectral width is broad because of the many resonance frequencies. In terms 
of the ion jump or hopping model, as the temperature increased the hopping of ion is so fast and it feels 
an average local field and the spectral width (or line width) become narrower. This is called motional 
narrowing. At very low temperature the line width is become very broad and it is independent of 
temperature. This called rigid lattice line width. When the temperature increased the ion stared to moving 
(hopping) through the solid. The temperature dependent jump rate is given by Arrhenius relation, 
 
       
        
  
  
  (3.22). 
 
Here τ 
   is the pre-exponential factor and Ea is the activation energy.  In the motional narrowing region 
the hopping rate corresponds to the line width. There are functional dependence between the line width 
and the temperature by which it is possible to obtain important information about the activation energy 
and hopping rate of ion. Using the functional dependence of line width it is possible to estimate the jump 
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rate and the activation energy of hopping of Li ion in the β-alumina crystal. A simple expression used by 
Waugh and Fedin can provide the activation energy if Tc is known which is corresponds to the onset 
temperature of motional narrowing [19], 
 
   
  
                   (3.23). 
Bloembergen-Purcell-Pound (BPP) proposed a model where the temperature dependent correlation time 
is related to the line width and it is expressed as [20], 
      
 
         




     
   
 
 
   (3.24), 
where      is the rigid lattice line width , α=1,   (T) is the spectral width at the temperature T and τ(T)  
is the correlation time at temperature T. Assuming the Arrhenius relation between τ and temperature T as 
in Eq.(3.22), activation energy of ion hopping can be possible ton obtained from the BPP model. However 
in many case especially for β-alumina crystal, BPP give very low estimation of activation energy and pre 
exponential factor. It might be due to the inherent limitation of the BPP model where liquid like 
homogeneous environment with single correlation time (exponential correlation function) were assumed.  
The low pre exponential factor ( 
 
τ 
 in Eq. (3.22) ) known as ‘prefactor anomaly’ was discussed in details 
previously [21,22,23,24,25]. In this context, to explain the low activation energy, Hendrickson and Bray 
(HB) proposed a phenomenological model for glass  given in Eq. (3.25) in which it is assumed that two 
different kind of ions exist, one is thermally activated and other one is not [26]. Their formula for the 
NMR line width as a function of temperature       is, 
             
   
 
        
   
  
        (3.25). 
Here,     is rigid lattice line width, B is line width for the thermally activated ion, D is the temperature 
independent line width term caused, e.g., by the inhomogeniety of the external magnetic field.         is 
the line width at temperature T. It is found that B is appear to be very small corresponding to the  fast 
motion of thermally excited ion which completely eliminate the dipole-dipole interaction leaving only the 
life time broadening. It is reported that activation energy is increased if the temperature dependent line 
width is analyzed by HB model, although the information about correlation time is missing [27]. 
 
3.4.5.2 Data analysis for typical line shape model. 
 
Figures 3.18 (a) (b) shows the 
7
Li NMR spectra for 93% Li β-alumina for perpendicular and parallel 
orientations at different temperature. Figure 3.18 (c) shows the Lorentzian and Gaussian fitting of the 
7
Li 
central transition spectra for parallel orientation. In both case at lower temperature the spectral width is 
very broad and can be approximated as the Gaussian and as the temperature increased the spectra become 
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sharper and it resembles Lorentzian. The 93% Li contained sample was used because it has highest 
percentage of Li ion which might be equivalent to pure Li β-alumina single crystal.  
 
Figure 3.18 Central transition CT peaks narrowing as a function of temperature (a) perpendicular and (b) 







































Figure 3.18 (c) 
7
Li Central transition peak fitting with Lorentzian (284 to 175K) and Gaussian line 
(144K-100K) for 93% Li β-alumina at parallel orientation. Black line corresponds to experimental 
spectra and red line corresponds to fitting using Gaussian or Lorentzian line shape.  










































































































































































At the higher temperature due to the fast jump, Li ion feels average local magnetic field and hence 
resonance frequency makes the line shape sharp. On the other hand due to the slow motion,  Li ion feels 
different local magnetic field and a distribution of the resonance frequency occur makes the line width 
broader.  It is possible to obtain the correlation time and the activation energy from Eq. (3.24) using Eq. 
(3.22) if the temperature dependent spectral width is provided. The result is shown in the Table 3.7 below. 
Here we presented the activation energy and τ0 for parallel orientation and there is no surprise that, the 
activation energy and transport parameter τ0 are consistent to each other since the hopping motion does 
not depend on the orientation of the crystal.  The one parameter that is differing in two orientations is the 
rigid lattice line width which is 5800Hz perpendicular orientation and 6340Hz for parallel orientation.   
 









The phenomenological HB model given in Eq. (3.25) was then use to extract information about the 
activation energy of the Li ion hopping in β-alumina crystal. In Figure 3.19 shows the spectral width as a 
function of temperature for parallel and perpendicular orientation. 
  



















Li NMR spectral width as a function of temperature of 93% Li β-alumina. The blue and 
black solid squares are the experimental result for parallel and perpendicular orientation of the single 
crystal. The blue and the black solid lines are obtained through fitting process using Hendrickson and 
Bray model corresponds to Eq. (3.25). 
 
At first we fit our result with Eq. (3.25), which gives activation energy 0.1244eV which is higher than 
BPP model for parallel orientation. In case of the perpendicular orientation, we also found that the 
activation energy is higher than the BPP model. However, perpendicular orientation activation energy is 
lower than the parallel orientation activation energy. Since there is no reason to believe that activation 
energy of ion hopping is dependent of the orientation, therefore the difference might appear form the line 
width data.   The justification of this believe appear from the angle dependent T1 measurement of 93 % 
Li β-alumina discussed in the T1 relaxation discussion, where it was found that the slope does not depends 
on the orientation.   
As the parallel orientation line widths have more point in the low temperature range, thus assuming the 
correct activation energy is 0.1244eV which is obtained from fitting result.  This activation energy is 
used for the perpendicular orientation line width to extract other fitting parameter such as B, D,   RL 








Table 3.8 Fitting parameters obtained from Hendrickson and Bray model, Eq. 3.25.   
    
Even though this force fitting slightly reduced the coefficient of determination R
2
 value, it gives us 
physically meaningful fitting parameters. The width due to the thermally excited Li ions corresponds to B 
which is obtained 0.768Hz and 0.81427Hz for parallel and perpendicular orientation of the crystal, 
respectively. Since the width is obtained for same crystal therefore it is expected that B should be similar 
in both cases. The jump motion of Li ion does not depend on the orientation of the crystal. The parameter 
D corresponds to the temperature independent line width term in the high temperature regime might 
appear due to the inhomogenity of the magnetic field.  
The reason behind the observed orientation denpendence of the rigid lattice line width is discussed below. 
In the HB model and in the BPP model it appears that the rigid lattice line width   R is slightly larger in 
the parallel orientation than the perpendicular orientation. The line width broadening is contributed by the 
dipole-dipole interaction, quadrupole interaction and in case of the disorder materials chemic shift 









Al) contribution to the line width were calculated using the second moment of the spectral density 
which is expressed as [15], 
       
 
 
   




            
 
    
   ( 3.26), 
and  











            
 
    
   (3.27). 
Here,  
  
 is gyromagnetic ratio of the 
7
Li, in Eq (3.26) I is spin =3/2 of 
7
Li ,  is angle between vector rjk 
connecting the two Li ion and the magnetic field direction, j is the 
7
Li ion feels the local field due to the 
other Li ion in the k th position. N is the number of the nearest neighbor atoms. In the Li β-alumina case, 
we assumed that J
th
 Li ion is in the BR position, and the six nearest neighbors 
7
Li ion are in the BR 




 is gyromagnetic ratio of the 
27
Al. For the parallel 
orientation all the possible angles are 90 degree since the Li ion are exist in the conduction plane. On the 




Li dipole interaction suggest that the second moment (square of the width of the line spectra) the line 
width in the perpendicular orientation should be slightly larger than the parallel orientation. Similar result 










Parallel 5835.30334 0.76878 332.31008 0.1244 
Perpendicular 5067.3758 0.81427 217.73606 0.12 
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Li distance (BR-BR distance is 5.58Å). However, from the calculation it was obtained that the line 








Al dipole-dipole interaction are smaller than our 
fitting results rigid lattice line width   RL given in the Table 3.7 and 3.8. Thus, the dipole-dipole 
interaction contribution to the line width is negligible.  Since, for 
7
Li the quadrupole interaction is weak 
their contribution for line broadening should be negligible which is consistent with the report of Highe 
and Vaughan [29]. Therefore chemical shift anisotropy and its distribution must be possible reason of 
being slightly larger line broadening for parallel orientation. The detailed calculation of the second 
moment from the dipole-dipole interactions are given in Appendix D. 
 
Low estimation of activation energy 
  
From the line shape analysis using BPP and HB model, it appears that despite some improvement 
obtained using HB model (0.12eV), the activation energy is still far lower than what we obtained from the 
ionic conductivity data (0.27eV). However there is no information about the jump time τ can be obtained 
from the HB model. On the other hand the jump time (jump period) τ was obtained from the BPP model 
from the temperature dependent spectral width data. A simple jump model can correlate the jump period 
with the diffusion coefficient, to estimate the diffusion coefficient for a given site to site distance a. Such 
a site to site distance corresponds to mO to BR, mO to aBR, BR to aBR, or mO to mO distances in the Na 
β–alumina crystal. Estimated the τ from Eq.(3.24) and using the site to site distance a, the diffusion 
coefficient DLN from line narrowing was calculated from simple jump model Eq.(3.77). 




/s, which is 3 orders of 








/s). At the 





was estimated from Eq. (3.24). This low estimation was observed both in parallel and perpendicular 
orientation which is consistent with the previously reported results [16]. Bishop and Bray reported low 
estimation of pre-factor and activation energy in case of glassy and crystalline Lithium borates [26]. The 
reason for this low estimation is appeared from limitations of the BPP model which is discussed in details 
in the article [28].  In short, instead of single relaxation time/ jump time  τ, a distribution of jump time 
g(τ)  should be consider since structural inhomogeneity might presence in Li β-alumina. Therefore 
instead of a simple Jump model a more general expression for a jump model can be written as T Thus a 
general expression for diffusion coefficient in the jump model can be written as [28] 
       
  
  
                                                      (3.28)                                                                                                                        
Here g(τ) is jump time distribution function. 
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If               ,  then Eq (3.28)  can be written as    
  
  
 .Here a is regular crystallographic 
site to site distance and as most rough estimation, mean square displacement (MSD) is approximated as a
2
. 
In real scenario, MSD corresponds to several random jump processes after certain time scale. Since the 
BPP model provide a single relaxation time from the fitting process,         was used as a rough 
estimation and thus a
2
 corresponds to MSD. Because τ in Eq. (3.24) is estimated from single broad 
Gaussian line shape it become overestimated (at room temperature it is 1.97×10
−6
 s), and the diffusion 
coefficient become very small.  Structural in homogeneity results energy barrier distribution which was 
previously discussed in case of Na β-alumina by Walstedt et al. [30]. According to Faske et al. The jump 
time distribution or the energy barrier distribution was not included in BPP model presented in Eq. (3.24) 
and therefore underestimates the activation energy [31].  In The BPP model, the spectral density 
corresponds to the Fourier transformation of an exponential correlation function with a single correlation 
time/relaxation time, which might be oversimplification of the actual relaxation processes for Li 





BPP motional narrowing analysis [Using Eq.(3.24) and Eq. (3.22)] estimated the pre-exponential factor 




. Generally the pre-exponential factor corresponds to the vibration frequency which 




. However 1/τ0 estimated from NMR line narrowing are 5 to 6 orders of 
magnitude lower than that derived from the Raman data [32]. This is known as a prefactor anomaly and 
has been previously reported for the β–alumina crystals [17, 33]. Huberman and Boyce et al. suggests that 
is the prefactor anomaly appeared due to the breakdown of the absolute rate theory where the particle can 
return to the original position from the top of the barrier height [21]. According to Richards, the low 
dimensionality might effects the relaxation processes [22]. Therefore the effect of the inhomogeniety and 
the dimensionality should take into consideration for the reasonable description of diffusion /transport 
phenomena for Li β–alumina single crystal. 
 
3.4.5.3 Two phase spectra model 
 
3.4.5.3.1  Back ground and theory  
Rossler et al. proposed that a broad distribution of correlation time may be existed for mobile molecule in 
the glassy matrix and the distribution of correlation time was used to analyze the NMR line shape [34]. 
They assumed that fast and slow moving ion exists at the same temperature and hence the name ‘two 
phase spectra’ appear since Li NMR spectra is contributed by two different kind of Li ion. M. Vogel et al. 
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[35] show that 
109
Ag NMR spectra of various AgI and Ag phosphate glass can be fitted by the 
superposition of Lorentzian and Gaussian line shape. The Lorentzian contribution is corresponding to the 
fast moving Ag ion to the total spectra. Later on Faske et al. use the so called ‘two phase spectra’ in case 
of the LiPO3 glass and the existence of the dynamic heterogeneity was explained in terms of the 
distribution of energy barrier and correlation time [31].  Recently Hayamizu et al. reported that in 
crystalline solid electrolyte (Li2S)7(P2S5)3 Li ion diffusion phenomena are polydispersive [36]. This 
suggests that Li ion have different mobility at the same temperature and the Li ion diffusion rate varies 
continuously. It means that fast and slowly moving Li ion might coexist at the same temperature even in 
crystalline solid.  The present author also observed the diffusion time dependence of diffusion 
coefficient in Li β-alumina single crystal [28]. It also suggests that distribution of motion of Li ion might 
be exists in the crystalline materials. Thus there are reasons to believe that not only glassy type materials 
but also the disordered crystalline materials such as Li β-alumina line shape can be analyzed using two 
phase spectrum. 
Rossler et al shows that line shape of the deuterated benzene and hexamethilebenzin can be explained by 
two sub spectra corresponds to very fast and very slowly rotating molecules [34]. In the case of organic 
deuterated benzene and hexamethilebenzin guest molecule are moving in the glassy host materials.  
However, in the structurally disordered materials the motion of the molecules is described by distribution 
of correlation time G (  τ). A similar description of the Li ion motion in the glassy material was also 
reported by Faske et. al. [31]. For glass materials it was observed that, the 1D spectra corresponds to a 
Gaussian line shape at low temperature and Lorentzian line shape correspond to a very high temperature. 
At intermediate temperature the line can be expressed as the weighted superposition of Lorentzian and the 
Gaussian line shape. It means that the very fast (τ«   -1) and slow (τ»  -1) moving ion is coexisting at the 
same temperature. That is the apparently single line spectra contained two different phase. This guest-host 
concept can be extended to disordered crystalline superionic conductor β-alumina since liquid like 
mobility of cation in the conduction plane is observed accompanied with rigid structure of Al2O3 spinel 
block.  According to Faske et al. the spectral intensity can be expressed as [31] 
 
                                      (3.29) 
 
Where       the total intensity of the spectrum is,       is the weighting factor of fast fraction of ion 
which is function of the temperature.    and    are normalized intensity corresponds to fast and slow 
moving Li ion,  respectively. The weighting factor of the fast moving ion can be expressed in term of the 
integration of distribution function is as follows 
            τ       τ
  τ
  
  (3.30) 
 
The distribution of correlation time usually expressed as the Gaussian distribution of logarithmic 
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correlation time lnτ which is as follows, 
    τ  
 
      τ
    
   τ   τ  
 
  τ
  (3.31) 
 
       
 
 τ   
     
   τ   τ  
 
  τ
    τ
      
  
 (3.32) 
However, the integration range has maximum limit of        which is the limit of the logarithmic 
correlation time lnτ.  This is the threshold value or cut of value of the correlation time.  Beyond this 
value the Li ion assumed to be moving slowly. The integration naturally gives the error function since the 
Gaussain distribution function involved as shown in Eq. (3.33).  
       
 
 
       
         τ    
 τ   
          (3.33) 
Here it is assumed that the width of the distribution function   τ is independent of the temperature. 
Therefore, the temperature dependent is appeared only with mean value τm. As the temperature increased 
the correlation time distribution shifted with constant width as a consequence the shifting is characterized 
by τm which is related to the temperature by Arrhenius relation as given below   
τ  τ    
  
  
      (3.34) 
However, a more realistic consideration is that as the temperature increased not only the  τ   shift to 
the lower value according to Eq. (3.33), but the width of the      τ  also decreased. Temperature 
dependent correlation time distribution or dynamic heterogeneity appears from the temperature 
independent width of the energy barrier distribution g (E), for a rigid lattice. The relation between the 
g(E) and G(ln τ) can be expressed as [34], 
     τ         (3.35)  
The energy barrier distribution can be expressed as Gaussian function     ,  
       
 
     
      
      
 
   
   (3.36) 
 
and the relation between the width of the energy distribution    and correlation time distribution  τ is as 
follows; 




Therefore the fraction of the fast moving cation can be expressed in terms of the energy distribution using 
the Eq. (3.32), 
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  (3.38) 
and  
      
τ 
τ 
      (3.39) 
Putting the Gaussian distribution function g(E) in Eq. (3.38), we obtained the following expressions; 
       
 
     
     
      
 






      
 
     
        
     
    
   
    
       
      
 
 
       
  
    
       
     
    
          (3.40) 
Here Em is mean of the energy distribution,    is the width temperature independent energy distribution 





the thresh hold or cut off energy. The consequences of the temperature dependence of E
*
 is discussed in 
the result and the discussion chapter 
 
3.4.5.3.2 Data analysis using two phase spectra 
 To study the ion dynamics, 7Li line width of lithium phosphate and Ag I/Ag phosphate glass were 
previously analyzed by ‘two phase spectra’ model [31, 34]. Even though Li β-alumina is a crystalline 
material, similarity with the glassy materials was observed because of the presence of inherent structural 
disorder even in the single crystal. The similarity between the glassy materials and the disordered 
crystalline materials provide the justification to use this two phase spectra model in β-alumina.  In the 
BPP or HB theory the line shape are fitted with single Gaussian (100K-160K) and single Lorentzian 
(175K-300K). However in the ‘two phase spectra’ model the line shape are fitted with the superposition 
of Lorentzian and Gaussian, because very fast ion correspond to Lorentzian and slow Li ion corresponds 
to Gaussian are coexist in the same temperature. The line width due to the fast Li ion was obtained by 
fixing the Gaussian width in every temperature as described in Faske et al. [31] To do this our 
temperature dependent 
7
Li NMR central line shape are fitted with a Voigt function given below in 
Eq( 3.50). 





          
        
     
    
 
 
    
  
       
 
                     (3.41) 
  
A is area covered by the function, WL is the width of the Lorentzian part and WG is Gaussian width. At fast 
68 
 
lower temperature spectra was fitted freely. Therefore it gives the lowest contribution from Lorentzian 
and highest contribution of Gaussian. Therefore in next higher temperature using the constant Gaussian 
width WG, temperature depending fast weighting factor F0 can be obtained since as the temperature 
increased the Lorentzian contribution is increased. Figure 3.20 (a) and (b) below show the experimental 
7
Li NMR central peak line shape measured at 300K and 100K which resembles Lorentzian and Gaussian 
line shape respectively. The two spectra also can be expressed in terms of the spectra density corresponds 
to short time and long time limit respectively. Figure 3.20(c) shows the temperature dependent 7Li NMR 
























































































Figure 3.20 (c) The 7Li NMR spectra of 93% Li β-alumina fitted with Voigt function (Eq. (3.41)). 
The black line corresponds to experimental spectra and red line corresponds to the fitting function 
(Eq.(3.41)). The spectra are measured at parallel orientation of the crystal at different temperatures. 




































































































































































































Therefore the temperature dependent weighted fraction F0 (T) was obtained. Figure 3.21 shows the 
weighting factor       as function of temperature for parallel and the perpendicular orientation. 
 
 
Figure 3.21 Weighting factor       of 
7
Li obtained as function of temperature of 93% Li β- alumina for 
(a) parallel orientation and (b) perpendicular orientation. The black solid square are data obtained from 
the superposition of Gaussian and Lorentzian line shape. The Black line is obtained through fitting 
process using Eq. (3.33). 
 
It appeared from the Figure 3.19 that at temperature 115K and 113K the motional narrowing started for 
parallel and perpendicular orientation, respectively. Thus motion of the Li ion is now in the NMR time 
scale. The corresponding line width for parallel and perpendicular orientation at temperature 115K and 
113K is 5927Hz and 5274Hz. Therefore inverse of the line width τ=  -1 corresponds to the maximum 




s for parallel and perpendicular 
orientation, respectively. According to Eq. (3.33), the weighting factor F0 (T) is a function of temperature 
and this temperature dependence come from the mean correlation time τm which is related to temperature 
by Arrhenius relation given in Eq. (3.34). Therefore, the width of the correlation time distribution is 
temperature independent. It is the τm that is shifting toward the lower value as the temperature increase 
since the ion jump time is decreased with the temperature. The other temperature independent term in Eq. 
(3.33) is ln  -1, where the   -1 is corresponds to the largest values of τ for fast Li ion in the correlation 
time distribution.   -1 is boundary between fast and slow Li ion. The fitting parameters are given in Table 







Table 3.9 Fitting parameters obtained from Two phase spectra using Eq. (3.33). 
 
As it is assumed in the first approach Eq. (3.33) that the Gaussian distribution of the logarithm of 
correlation time is temperature independent, the fitting parameter gives important information about the 
width of the distribution function  τ, activation energy Ea and τ0. The assumption of the temperature 
independent correlation function distribution is appeared from the time temperature super position 
principle which show scaling properties for glassy materials such as AgI-AgPO3, xLi2O(1-x)B2O3 [35,36 ]. 
It was previously reported by the present authors observed a small power law behavior :  ( )~ 
n
  
(where n is from 0.106 to 0.168)  in the frequency dependent conductivity of  Li β-alumina [28]. 
Furthermore, recently it was observed by the present authors that the exponent ‘n’ of the power law shows 
temperature dependent behavior (Frequency dependence of conductivity of the single crystal Li 
β-alumina, and the temperature dependent exponent data are summarized in Figure A13  in the Appendix 
A).  Therefore the time temperature superposition might not be applicable for Li β-alumina. This 
suggests that unlike the glassy materials there is modification in the ionic motion as a function of 
temperature which can lead to the temperature dependent jump time distribution. Since the transport 
mechanism in the Li β-alumina thus depend on the temperature, the temperature independent correlation 
time distribution cannot be applicable for these materials and the reflection appear in Figure 3.21 where 
the fitting of F0 (T) using Eq. (3.33) was not satisfactory. 
Therefore, a correlation time distribution function is assumed where the width of the distribution is 
temperature dependent which can be found by Arrhenius relation.  Therefore our weighted fast fraction 
as a function of temperature is fitted with Eq. (3.40) which is shown in Figure 3.22. From Eq. (3.40) it is 
possible obtained the activation energy distribution since it gives two important parameters such as E , 
width of the distribution and Em mean value of the activation energy distribution. The fitting parameters 
Em, E , and τ0, inverse of which gives the jump rate are given in Table 3.10. 
Crystal orientation τ0  (sec) 
 
       τ Em (eV) 
Parallel 1.76112×10
-12
 6.81641 0.25551 
Perpendicular 1.745×10
-12





Figure 3.22. Weighting factor F0 of 
7
Li obtained as function of temperature of 93% Liβ-alumina for (a) 
parallel orientation and (b) perpendicular orientation. The black solid square are data obtained from the 
superposition of Gaussian and Lorentzian line shape. The Black line are obtained through fitting process 
using Eq. (3.40). 
 




Li NMR line shape analysis, NMR spectra in the temperature range from 100K to 300K are fitted 
using the weighted superposition of Lorentzian and the Gaussian line shape.  The weighting factor of the 
Lorentzian line shape   (T) are given as a function of temperature in the ‘two phase spectra’ model. It 
appears that the data at very lower and higher temperature are unstable since Lorentzian contribution in 
the lower temperature region and Gaussian contribution in the higher temperature region are negligible. 
On the other hand, in the intermediate temperature the weighting factor are consistent where the both 
Lorentzian and the Gaussian line shape contributed significantly. This observation is consistent with the 
previously reported result by Vogel et al. [36]. While Vogel et al. used the interpolated data from for 
smooth line the present author used the free fitting parameter. This is the reason why our data looks little 
scattered.  The activation energy is greatly improved as Em from two phase spectra shows reasonable 
agreement with the activation energy 0.27 eV obtained from the impedance data. The value Em (0.25eV or 
0.23 eV)  given in Table 3.10 is much larger than the activation energy Ea obtained using BPP and HB 
Crystal orientation τ0  (sec) 
 
  (eV) Em (eV) 
Parallel   2.69916×10
-12
 0.12034 0.25117 
Perpendicular   3.33361×10
-12
 0.09657 0.23759 
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model shown in Table 3.7 and 3.8 (.06eV and 0.12eV respectively).  The data fitted much better with Eq. 
(3.40) than Eq. (3.33). One of the important observations in the line shape analysis using two phase 
spectra model is the elimination of the ‘prefactor anomaly’. It is found that the when the line shape are 
analyzed by BPP model (Eq. (3.24)), the estimated value of 
 
τ 





) observed from the Raman measurement [32]. This phenomenon is known 
as ‘pre-factor anomaly’. It is important to mentioned that  
 
τ 
  is corresponds to vibration frequency 
which experimentally observed by Raman spectroscopy. According to BPP the  
 
τ 
 is estimated for Li ion 








for parallel and perpendicular orientation 





However, using the ‘two phase spectra’ model 
 
τ 








 for parallel 
and perpendicular orientation, respectively obtained from the τ0 given in Table 3.10. This suggests that the  
 
τ 
 value estimated from the two phase spectra increased 5 orders than the BPP estimated value and only 
one order lower than the experimental Raman measurement [32]. Therefore, marked improvement is 
observed in the estimation of vibration frequency and the anomaly estimated from BPP analysis was 




 is not corresponds to the vibrational frequency as it was expected [21]. Richard 




However, structural disorder plays an important role behind the pre factor anomaly [23,24,25]. Motion of 
the ion in the disorder materials often described by the non exponential correlation function [38, 39]. One 
of the possible explanations of non exponential correlation function is the presence of broad distribution 
of the correlation time G(lnτ) or the dynamic heterogeneity. The mark improvement in the estimation of 
the pre-exponential term supported this explanation since a temperature dependent correlation time 
distribution G(lnτ) is obtained from the line shape analysis using ‘two phase spectra’ model. 
 
3.4.6 T1 relaxation measurement 
3.4.6.1 Theory 
In the NMR experiment the static magnetic field B is applied along Z direction and the equilibrium state 
of spin also along the z direction which is equilibrium magnetization Mz. However if the short external 
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radio frequency pulse were applied along the x-y plane direction, the spin system were perturbed and will 
start to align along the x-y plane. However, the radio pulse is very short and soon after withdrawing the 
pulse, the spin system again started to retain it equilibrium state along the z direction. This recovery of 
magnetization along the z direction is called spin lattice relaxation which follows exponential equation 
with a time constant call spin lattice relaxation time T1 and the corresponding rate of relaxation R1. The 
macroscopic magnetization as function time can be written as,  
 
                                                              (3.42) 
 
   The T1 relaxation time measurement is very important to understand the Li ion motion since  the 
motion of Li ions fluctuate the magnetic field which can be from the source of the magnetic dipole-dipole 
interaction or the electric quarupolar interaction and because of the fluctuation, the correlation function  
G(t) decreased. The Fourier transform of the G(t) is called the spectra density function J( ). Therefore the 
spin lattice relaxation rate R1 due to the motion can be expressed as,  
 
    
         
                                                   (3.43) 
 
Blumbergen -Purcell and Pound (BPP) proposed that the for random diffusion motion of ion the 
correlation function is exponential and the spectral density function can be expressed as the Lorentzian 
line shape which can be written as,  
          
        
 τ
     τ 
                                         (3.44) 






      
  
  
                                                     (3.45) 
Therefore the slope of this relation will give the activation energy of the of the jump diffusion of the 
species. Since the τ is temperature dependent the Eq. (3.43) gives the change of the T1 relaxation time as 
function of temperature. 
3.4.6.2 Data analysis 
 
The T1 relaxation data as a function of inverse temperature of Na β  alumina, 80% Li β  alumina and 
93% Li β  alumina are summarized in Figure 3.23. It is observed that the T1 is increased linearly as a 
function of inverse temperature. We didn’t observe T1 minima as in the Bloembergen-Purcell-Pound 
(BPP) model [20], because the inverse of the correlation time is much smaller than the Larmor frequency. 
It is happed because of the fact that at higher magnetic field Larmor frequency is much higher which is in 














Figure 3.23  Spin-lattice relation time T1 for 93% Li and 80 Li β-alumina. 
 
Thus the corresponding correlation time at T1 minimum is 10
-8
 sec. Therefore at much higher temperature 
T1 minima will obtained since   depends on the temperature.  From the extrapolation of the previous 
experimental data the T1 minima can be found at 650K for 155 MHz Li ion content in β-alumina 
[40].Thus, the spin-lattice relaxation time T1 is directly proportional to the inverse temperature as shown 
in Eq. (3.46) and hence activation energy in the low temperature range can be obtained from the 
temperature dependent T1 data.  
 
       
  
  
                 (3.46) 
 
By fitting the experimental T1 data with Eq. 3.46, the activation energy,    obtained from 
7
Li T1 data 
was found to be 0.089eV and 0.058eV for 80% Li β  alumina and 93% Li β alumina, respectively. The 
tendency is consistent with the impedance measurement and can present as evidence of the existence of 
mixed alkali effect in microscopic environment. These activation energies are very small compare to the 
activation energy obtained by impedance measurement. This small activation energy corresponds to the 
local microscopic motion of Li ion in the β  alumina crystal. Walstedt et al. [40] also discussed about the 
small activation energy of Li ion in 70% Li β  alumina. 
 




Sample Ea(eV) from T1 
80% Li β alumina 0.0899 
93%  Li β alumina 0.0581eV 



















3.4.6.3 Angle dependent T1 measurement 
Figure 3.24 shows the 
7
Li spin-lattice relaxation time T1 as a function of the inverse temperature for both 
parallel and perpendicular orientation of 93% Li β-alumina. The slope of the line suggests that the 
activation energy is orientation dependent.  The orientation dependent of the T1 appear from the 
quadrupole interaction which can be realized by equation given below [30], 
 
  
   
    
    τ
    τ  
                               (3.47) 
 
Here    is the quadrupole interaction in the unit of Hz. G(U) is the energy barrier distribution  and τ 
is the correlation time.  
If    corresponds to satellite separation, then our temperature dependent T1 data and satellite separation 
     data for parallel and perpendicular orientation satisfy the Eq. (3.48), suggests that the dominant 
mechanism for the spin lattice relaxation is the quadrupole interaction which is reasonable since 
7
Li is a 
quadrupole nuclei. 
  
   
  
      
  
    
  
    
 

















Figure 3.24 Spin-lattice relation time T1 of 
7
Li in 93% Li β-alumina single crystals for parallel and 
perpendicular orientation. 
 
    





















Table 3.12 summarized the temperature dependent satellite separation and thei spin -lattice relaxation 
time T1 of 
7
Li in 93% Li β-alumina single crystals for parallel and perpendicular orientation. Table 3.13 
shows numerical calculation for Eq. (3.48). Temperature dependent satellite separation was obtained from 
the 
7
Li NMR spectra for perpendicular orientation given in Figure 3.25. 
 
Table 3.12 Spin lattice relaxation time T1 and the satellite separation at different temperatures for parallel 




























relaxation time T1  (sec) 
Satellite separation 
(Hz) 
Temperature(K) Theta=90 Theta=0 Theta=90 Theta=0 
300 0.380642 0.107045 9896.805 18909.2 
330 0.344697 0.08743 9948.075 19111.32 
360 0.303437 0.07313 9996.749 20044.34 
380 0.271945 0.06586 10287.04 20852.95 
400 0.220543 0.058841 10438.52 21552.72 
420 0.193467 0.053746 10804.55 22221.38 
Temperature(K)   
   
  
    
  
  
    
  




300 0.281222 0.273934 
330 0.25364 0.270955 
360 0.241006 0.248733 
380 0.242181 0.243358 
400 0.266801 0.234571 









Li NMR spectra at different temperature of 93% Li β-alumina for perpendicular orientation. 
 
3.4.7 Diffusion measurement of 7Li 
 
The NMR line shape and T1 relaxation experiment are basically technique to analyze the local motion of 
Li ions. However, relaxation and line shape analysis result depends on model. Especially in the T1 
relaxation experiment where the microscopic correlation time can be obtained and diffusion coefficient 
can be estimated. However, accuracy of the estimation depends on the proper modeling of the relaxation 
phenomena. Fortunately there is a direct method to the measure the macroscopic translational motion of 
Li by pulsed field gradient (PFG) NMR.  
 
3.4.7. 1 Background  
In this section we will report the direct measurement of diffusion coefficient of 80% and 90%  Li β
-alumina sample by pulsed field gradient (PFG) NMR spectroscopy.  PFG NMR measures the 
macroscopic translational diffusion of ion directly and can be compared with conductivity data obtained 
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from the impedance measurement. The macroscopic diffusion and the ionic conductivity are related with 
each other by Nernst-Einstein Equation assuming haven ratio is one.   
     
   
 
   
                                         (3.49) 
Maekawa et al. studied mesoporous Al2O3 using PFG-NMR [41]. Recently, a number of experimental 
results have been reported regarding 
7
Li ion diffusion coefficient measurements using PFG-NMR[36, 
42,43].  The Li ion diffusion coefficient in β–alumina was first directly measured by Yao and Kumar et 
al. using isotope diffusion process [1]. Since then there have been no reports concerning measurements of 
the Li ion diffusion coefficient of Li β–alumina single crystals. Moreover, previous diffusion coefficient 
measurements conducted by PFG-NMR were performed in the high temperature regime. In this chapter, 
we report the direct measurement of the diffusion coefficient of Li ions for the first time in a β–alumina 
single crystal at room temperature using PFG-NMR, and a comparative discussion is presented in 
connection with results derived from other experimental techniques such as impedance measurements. At 
the same time one of the main objectives of diffusion coefficient measurement is find the signature of 
frequency dependence conductivity by measuring the diffusion time dependence of diffusion coefficient.  
 
3.4.7.2 Theory 
The self-diffusion process involves a random translational motion of a molecule or ion. It is the most 
fundamental transport process.  To understand the basic theory of NMR let us write the relation between 
the Larmor frequency   (rad/s) and the static magnetic field  B0 with unit Tesla can be expressed as,  
                                                                (3.50)                                                                                                            




. Since B0 is spatially homogeneous, the Larmor frequency is 
the same over the entire sample.  Consider that a static magnetic field B is applied along the z axis. Sine 
Since B0 same along the z axis the Larmor frequency is the same over the entire sample. Now in addition 
to homogeneous field Bo, magnetic field gradient Bz is applied along the z direction.   
   
  
 
is the magnetic field gradient means the magnetic field g is spatially dependent.  Therefore Larmor 
frequency is depends on the new position of along the z direction which can be written as  
                                                                  (3.51) 
                 ) 
Therefore after time   the phase shift of a single spin can be expressed as   
                         
        
 
 
                                  (3.52) 
 
Let us imagine that all spin are in thermal equilibrium and the net magnetization is along the z direction. 
Suppose in the tau period a  /2 pulse was applied which align the macroscopic magnetization to the xy 
plane and at time t1 a filed gradient g was applied for the   time. 




  τ     τ       
    
  
                                               (3.53) 
The first term is phase shift due to the static magnetic field and the second term is due to the gradient field 
and it depends on the duration delta, gradient strength g and the position z of the spin. 
In the simple form we can write  
  τ     τ                                                         (3.54) 
 
And after the second pulse gradient pulse the phase will be  
   τ                                                             (3.55) 
A general Eq for the phase change can be written as  
   τ                                                              (3.56) 
The use of the radio frequency is to refocusing signal. If spin does not change it s position during the 
experiment we will completely get a spin echo signal by refocusing the spin. However if there spin 
diffusion, there rotation rate will also change because of the gradient pulse the refocusing will be 
incomplete and signal will decreased.  
The normalized echo intensity of the signal is given by  
            τ                                                    (3.57) 
Here      τ  is the probability of a spin at    position and sfter tine  τit is in the    postion 
     τ           τ                                                (3.58) 
    
    
           τ                                                    (3.59) 
However such a probability can be obtained from the solution of the diffusion equation which can be 
written as  
 The            
 
      
 
 
      
       
 
   
                              (3.60) 
Here the constant D is called the diffusion coefficient. 
Therefore using Eq. (3.59) and Eq. (3.60) the signal intensity for the finite gradient rectangular pulse can 
be written as,  
                          
 
 
    (3.61). 
Here S(g) and S(0) are the signal intensities with and without field gradient g respectively. 
 
3.4.7.3  Diffusion coefficient  
 
Diffusion coefficient was estimated from the plot of the echo signal intensity versus magnetic field 
gradient. The signal intensity corresponds to the integration for the area of the signal. This plot was then 
fitted with Eq. (3.61) and diffusion coefficient D can be obtained. At room temperature for perpendicular 
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/s. For parallel 
orientation the signal is very weak and signal to noise ratio is high. Therefore, we measured the Diffusion 
coefficient at higher temperature 333K for the parallel and perpendicular orientation. Figure 3.26 shows 
the 
7
Li NMR echo spectra at different magnetic field gradient for perpendicular orientation at 333K. Echo 
signal intensity was then plotted as function field gradient for both parallel and perpendicular which is 






















Li diffusion spectra as a function of the magnetic field gradient at perpendicular orientation 
at 333K for 93% Li   alumina. 
 
 
Diffusion coefficient DPFG of 
7
Li of 2.26±0.00498× 10−11 m2/s was obtained at 333 K for the 
perpendicular orientation of the crystal. However in the case of the parallel orientation, the echo intensity 
was nearly constant as function of the magnetic field gradient, which suggests that the diffusion 




/s or less at 333K. This 
is the first experimental report for the diffusion coefficient of the Li ion in β–alumina single crystal by 
PFG-NMR. The diffusion coefficient data in the parallel and perpendicular directions suggests that 
macroscopic motion of the cation in β–alumina single crystal is 2D in nature. We also measured the ionic 











































, respectively at 303K. The temperature dependent conductivity measurement 
show that the ab plane activation energy is 0.27eV and the parallel to the c axis the activation energy is 
0.93eV. Therefore the PFG NMR results are consistent with the anisotropic conductivity data.  Even 
though the diffusion coefficient along the is very small it does not rule out the possibility of local 
microscopic motion of the Li ion along the c axis since the temperature dependent quadrupole interaction 
shows small activation energy corresponding to the local motion of Li ions. 
 
Li ion motion along the c 
axis was also discussed previously based on the heat capacity and dielectric susceptibility measurement of 
β-alumina single crystal [44,45]. 
The ionic conductivity of 93% Li β–alumina single crystal along the ab plane impedance measurement in 
the temperature range from 297K to 373 K. The diffusion coefficient Dσ  of Li ion in β–alumina was 
estimated using the Nernst–Einstein equation given by Eq. (3.62).  
    
   
   
                                                         (3.62)                                                                                                          





, kB is the Boltzmann constant, N is the charge carrier density, q is the charge of a carrier. Here it is 
assumed that the Li concentration in the crystal is equal to the Li ion charge carrier density.  




/s.  The 
diffusion coefficient of 
6
Li in pure Li β–alumina has been previously measured by the isotope diffusion 
technique in the temperature range 200°C–400°C[1]. Therefore, room temperature diffusion coefficient 




/s is estimated by extrapolation from an Arrhenius plot using activation energy 




/s [1]. However, estimated 
room temperature diffusion coefficient by extrapolation is not reliable, since isotope diffusion data does 
not include activation energy in the lower temperature regime. Whittingham et al.  reported the  Li
+
 
activation energy by dc conductivity which is 0.187eV in the temperature range from -100°C to 180°C 



















Figure 3.27 (a) The echo signal intensity of
 7
Li as a function of magnetic field gradient for the 93% Li 
β–alumina single crystal.  B and g are the static magnetic field and magnetic field gradient directed 
along the z axis, respectively. The green and black solid squares are the experimental data obtained from 
PFG-NMR spectroscopy with the crystallographic c axis parallel and perpendicular to the static magnetic 
field, respectively, at 333 K. The blue and red solid lines were obtained by fitting the experimental data to 
Eq. (3.61). [28] (b)  Normalized echo signal intensity data now represent log scale. The slope 
corresponds to diffusion coefficient D. Slope is large for perpendicular orientation.  Slope is almost zero 
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Figure 3.28 Echo signal intensity as function of magnetic field gradient of 
7
Li at temperature (a) 297K (b) 
303K (c) 313K (d) 323K (e) 333K in PFG NMR spectroscopy of 93% Liβ alumina. Black solid square is 
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Figure 3.29 Normalized echo signal intensity as a function of (2  g )
2
(  −  /3) at various temperatures 
for   = 10 ms for the 93% Li β–alumina single crystal oriented perpendicular to the magnetic field. The 
symbols represent the experimental data. The solid lines correspond to Eq. (3.61) [28]. 
 
According to Whittingham report high temperature region activation energy is 0.372eV which is almost 
similar to the isotope diffusion activation energy in the temperature range 200°C-400°C. Therefore there 
is a possibility that it isotope diffusion experiment might give new activation energy in the low 
temperature regime. Thus a reasonable approximation of room temperature diffusion coefficient by 
isotope diffusion is not possible due to the absence of activation energy data at room temperature.  
Figure 3.29 shows the normalized 
7
Li echo signal intensity as a function of (2  g )
 2
(  −  /3) for   = 10 
ms, measured in the temperature range 297 K–333 K. The slope of the Figure. 3.29 corresponds to the 
diffusion coefficient.  The normalized intensity is obtained from the gradient dependent intensity show 
in Figure 3.28 for all the temperature. The temperature dependent diffusion coefficient t obtained from 
PFG-NMR diffusion data and impedance measurements which are shown in Figure 3.30.  The activation 
energy was estimated from the Arrhenius relation which is 0.27 eV from impedance data and 0.14 eV 















































Figure 3.30 The diffusion coefficient of 93% Li β–alumina as a function of inverse temperature. The blue 
squares represent the diffusion coefficients obtained from PFG-NMR (measured in the perpendicular 
orientation). The red squares represent the diffusion coefficient obtained from impedance data using Eq. 
(3.62). The blue and red solid line represents the Diffusion coefficient estimated from the Arrhenius 
relation [28]. 
 
Similarly temperature dependent diffusion coefficient of 
7
Li was measured for 80% Li β alumina sample 
for the perpendicular orientation and activation energy was estimated from the temperature dependent 
diffusion coefficient summarized in Figure 3.32. The intensity as a function of the field gradient are given 
in Figure 3.31 below  
 
  


































































Figure 3.31: Echo signal intensity as a function of magnetic field gradient of 
7
Li at temperature (a)298K 
(b)307K (c)316K (d)324K (e) 333K in PFG NMR spectroscopy of 80% Liβ alumina. Red solid square is 
experimental data and black line is obtained from Eq. (3.61).   
  










































































































Figure 3.32 Diffusion coefficient of 80% Li β–alumina as a function of inverse temperature. The red 
squares represent the diffusion coefficients obtained from PFG-NMR (measured in the perpendicular 
orientation). The black squares represent the diffusion coefficient obtained from impedance data using Eq. 
(3. 62).  
 
The room temperature diffusion coefficient of 
7
Li of 93% and 80% samples are given in the Table 3.11 
below. For the 80% sample the activation energy obtained from the diffusion measurement are smaller 
than the impedance measurement. Activation data from the PFG NMR suggest mixed alkali effect which 
is consistent with the impedance data.  
 
 
Table 3.14 Diffusion coefficients for the Li ion in 93% Li β–alumina at room temperature (303K) 








/s E (eV) DPFG m
2
/s EPFG (eV) 
93% Li β–alumina 5.36 × 10
−12  [28] 
0.27 
[28]
 (1.22 ±0.0104)× 10−11 0.145  
[28]
 
80% Li β–alumina 1.83×10-
12 
 0.31 (8.79 ±0.141)× 10−12 0.156 



















Recently Zhongli Wang et al. reported the diffusion coefficient of crystalline Li3N and estimated the 
activation energy along the XY plane which is 0.15eV [43].On the other hand Alpen et al [47] shows the 
Li3N single crystal activation energy data obtained from impedance measurement is 0.29eV which is two 
times higher than that of the PFG NMR data [43] For polycrystalline Li3N the activation energy was 
obtained as high as 0.43eV and 0.61eV [43, 48].  Nishida et al. observed activation energy as low as  
0.19eV among different impedance data, which might be due to the presence of oxygen impurity in the 
sample, since such impurity lead to the formation of vacancies which increases the ionic conductivity and 
decreased activation energy [49]. Therefore defect formation energy might involve in the jump motion of 
the Li ions. The discrepancy regarding the activation energy estimated from the PFG NMR and 
impedance was discussed in terms of the migration energy and the formation energy below. The number 
of mobile ions, ND depends on the temperature and follows an Arrhenius type relation that can be 
expressed by Eq. (3.63) using the formation energy Ef defect formation energy that facilitates Li ion 
motion.  
              
  
   
                                                      (3.63)                                                            
However, the Li ion can jump from one site to another site with migration energy   . This is actually the 
elementary jump process for ionic diffusion which corresponds to NMR diffusion. 
Here, the diffusion coefficient Dm is related to the jump rate ν (T) of an ion from one site to a neighboring 
site and can be expressed as, 
 ν (T)=         
  
   
             (3. 64) ,                                                                                      
 and  
                
  
   
  (3.65) .                                                              
The Nernst–Einstein equation relates the conductivity with the diffusion coefficient in accordance with 
Eq. (3.66). 
      
   
 
   
   (3.66). 
Substituting Eqs. (3.63) and (3.65) into Eq. (3.66) provides,  
      
  
   
          
  
   
    (3.67),               
with, 
              (3.68) ,                                                                    
 and 
     
  
   
          (3.69). 
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Here,    and    are the activation energies obtained from the impedance measurement and PFG-NMR, 
respectively. PFG NMR gives the lower estimation of the activation energy which is qualitatively 
explained by simple defect energy formation with the energy   . Since PFG diffusion was measured 
form the integration of the sharp central peak, however even in the high temperature there are addition 
structure appear in the 
7
Li line spectra with broad spectra which might be due to very slow Li ion. This 
addition structure is super imposed in the CT peak at lower temperature. However because of the very 
slow Li ion motion in the region contribution to the dephasing is very small compare to that of the fast ion. 
Therefore PFG echo signal intensity decreased is only due to the motion of the fast Li ion with lower 
activation energy. Therefore large difference in activation energy obtained from PFG NMR and 
impedance measurement indicates the presence of some structural heterogeneity in the Li β-alumina 
crystal.  
 
3.4.7.4 Jump rate estimation  
 
In a solid the ionic motion is described by a simple jump motion in which an ion jumping from one site to 
another. Therefore, it is reasonable to assume that Li ion jump motion occurs among the regular 
crystallographic BR, a-BR, and mO sites, since the motion of the Li ion in the β–alumina single crystal is 
mainly along the ab plane. Thus, the jump time from one crystallographic site to another can be estimated 
using the simple jump model given by Eq. (3.70) because the diffusion coefficient is already known from 
the PFG-NMR data.  
   
  
  
                                                           (3.70)                                                                                                                      
Here a is the distance between two sites which correspond to the mo–BR, mO–aBR, BR–aBR, or 
mO–mO distance of the β–alumina single crystal. Here the Na β–alumina inter site distances [50] are 
used to estimate the jump period since the crystallographic positions for 
7
Li 93% Li β–alumina are 
unknown. For mO–BR or mO–aBR jumps (a = 1.5 Å), the jump period τ  can be varies from 4.62 × 
10
−10
 s to 2.48 × 10
−10
 s depending on the temperature, and for BR-aBR or mO-mO jumps (a = 3.2Å), the 
jump period varies from 2.10 × 10
−9
 s to 1.13 × 10
−9
 s depending on the temperature in the temperature 




  in case of  mO–BR or mO–aBR 




 in case of BR-aBR or mO-mO (a = 3.2 Å) are also estimated from the 







   
   
   
  (3.71)                                                                              
Using, Eq. (3.67) and Eq. (3.70), jump rate τ
-1
 is estimated from the previously measured ionic 
conductivity data obtained by the impedance measurements as, 
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     (3.72) 
In the Figure 3.33 below the jump period τ estimated from PFG NMR, impedance data, and line shape  
















Figure 3.33 Jump time τ estimated from PFG NMR data using Eq. (3.70) and τ estimated from impedance 
data using Eq. (3.72) for 93% Li β alumina. Here the PFG NMR result corresponds to the perpendicular 
orientation. The τ values from two phase spectra model and BPP theory are also sown for comparison.  
A pre-exponential factor 
 
  
  can be roughly estimated for impedance and PFG NMR data, since the 
jump period τ follows Arrhenius relation as Eq. (3.71). This pre-exponential factor or the attempt 
frequency corresponds to the optical phonon frequency (vibration frequency) which can be measured 
directly by Raman or infrared spectroscopy [51]. The pre-exponential factors estimated using Eq. (3.71) 
derived from different experimental techniques is summarized in Table 3.15. It appears that, Impedance 
and PFG-NMR data show reasonable estimation of vibration frequency as far as the Raman data for 
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Table 3.15 The pre-exponential factor corresponds to the attempt frequency or vibrational frequency of 
7
Li in 93% β–alumina as estimated from different experimental techniques [28]. 
 
3.4.7.5 Time dependence of diffusion coefficient 
In PFG NMR we usually probe the motion of Li ion along the magnetic field direction which is z 
direction. Therefore for the random motion of particle the probability of finding particle at position z, 
after time interval t can be expressed as,  
         
 
          
    
   
        
   (3.73). 
It appears that            , where t is the diffusion time. 
This relation is known as Einstein relation, where D is self diffusion coefficient appear in the Ficks law. 
In case of the normal diffusion, mean square displacement is proportional to observation time t, that D is 
completely independent of time t. However, in case of anomalous diffusion, diffusion coefficient D 
becomes time dependent and can be expressed as [52], 
          (3.74). 
Since k is less than 1 it suggest that diffusion coefficient decreases as the observation time t increases. 
Diffusion coefficient D of 
7
Li in 93% Li β-alumina single crystal was measured for perpendicular 
orientation  with variable diffusion time  .  Echo signal intensity is shown Figure 3.34 as a function of 
magnetic field gradient g for different  . The measurement was done at room temperature range. The 
intensity of the signal depends on the gradient and the diffusion time.  As seen in Figure 3.34(a), when 
 =10ms full decay of the signal is obtained at 1500G/cm. However as the diffusion time is increased 
full decay signal intensity appeared at more and more lower gradient. At  =300ms full decay appears at 
225G/cm.  A very interesting observation is that the diffusion coefficient is not constant but it depends 
on the diffusion time  . Figure 3.35 shows that diffusion coefficient D decreases as the diffusion time   






























































Figure 3.34 Echo signal intensity of 
7
Li of 93% Li β–alumina as a function of magnetic field gradient 
measured at different diffusion time   at room temperature. (a)10ms (b)50ms (c)100  (d)150ms  
(e)200ms  (f) 300ms. Black Solid Square corresponds to experimental data. The red line is obtained 
from Eq. (3.61). 
  













































































































We measured diffusion coefficient with diffusion time   in the range from 10ms to 300ms at room 
temperature.  It means Li ion encounter different local environment in the increasing measurement time 
scale. In short time, the Li ion can move freely but as the time goes there are more obstacles for ion to 
overcome. This suggests the existence of a structural inhomogeneity in the β–alumina. This structural 
inhomogeneity might correspond to Li ions residing outside of the conduction plane. This deviation from 
the normal diffusion is known as "anomalous diffusion". The anomalous diffusion is observed case of 
other material such as pore network of zeolite [52]. Such a time dependence of diffusion was recently 
reported by Hayamizu et al. who found a similar diffusion time dependence for the solid electrolyte 
(Li2S)x (P2S5)1−x (x=0.7)[36]. Their results show that fast and slow moving Li ions can exist 
simultaneously depending on the thermal activation process involved. More interestingly their 
observation also suggests that while the slow moving ions were localized within small regions 
corresponding to a grain size of 1.5µm , the fast moving Li ions moved freely [36]. This observation is 
consistent with our observation high temperature NMR spectra, where we predicted a macroscopic 
inhomogeneity corresponding to the slow moving Li ion. At present in case of our sample we don’t know 
the exact size of the region corresponding to the slow moving Li ion. However mechanism of such 
domain type structure was also discussed by Kamishima et al. by using molecular dynamics simulation of 
Ag β-alumina [53]. They showed that the Ag-Ag weak repulsive interaction increases the ionic motion 
with high diffusion coefficient and strong repulsive interaction decrease the ionic transport with due to 
requirement of the additional energy for structural relaxation with increasing activation energy. There is 
different way to look in to the time dependence of diffusion coefficient. Figure 3.37 can also be expressed 
in the frequency scale. Therefore we can plot D in the frequency scale and the experimental data can be 
fitted with the following equation 
    
 
 
   (3.75)    
where,  n=0.138 for 93% Li β-alumina at room temperature with perpendicular orientation.  
Recently, we measured Li β-alumina single crystal frequency dependent conductivity which shows small 
power law behavior with exponent of 0.16 to 0.09 depending on the temperature. Kamishima et al also 
found such frequency dependence of conductivity for Ag β-alumina [54].  Now the question arise how to 
correlate the time dependent diffusion coefficient and the frequency dependence of conductivity 
According to the fluctuation–dissipation theory expressed as Kubo-Tomita formula the frequency 
dependence conductivity can be written as [55], 
      
  
   
                 
 
 
  (3.76). 
Here,    is the volume of the sample in case of three dimension. d is for dimension. Now the 
macroscopic conductivity term is related to the autocorrelation function for current density.  If the 
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particle interaction is neglected then we can write general Eq known as Nernst Einstein relation 
      
   
  
        (3.77), 
where        is related to the mean square displacement. 
        
  
  
              
 
 
  (3.78) 
Now using Eq (3.77),      can also be expressed by mean square displacement. However, if the         
is directly proportional to time t, it will be normal diffusion and in the case of           some power law 
dependence the diffusion coefficient will also show the time dependence diffusion coefficient. Kamishima 
et al recently used this relation to the explain the observed frequency dependence of conductivity [53]. 
Therefore, In Chapter 4 we discussed some interesting points about the frequency dependent conductivity 



















Figure 3.35 Diffusion coefficient of 
7
Li as function of diffusion time for 93% Li β-alumina at for 
perpendicular orientation. 
 















































Figure 3.36 (a) Diffusion coefficients of 7Li 93% Li β–alumina as a function of 1/  at room temperature with the 






































3.4.7.6 Angle dependent diffusion measurement 
 
3.4.7.6.1 Justification  
We have observed that 
7
Li diffusion coefficient depends on the diffusion time which we have obtained for 
perpendicular orientation of 93% Li β-alumina. At the same time anisotropic diffusion of Li ion was 
observed from parallel and perpendicular orientation of the Li contained single crystal.  Combining this 
experiment we performed new experiment, where the effect of diffusion time   was analyzed at different 
orientation of the crystal.  This angle dependent diffusion experiment is completely new to our 
knowledge. We haven’t seen any report for any crystalline materials so far.  
  
3.4.7.6.2 Set up and data analysis  
Diffusion experiment of a single crystal at different orientation was obtained by using Teflon cylinder 
cutting into different angle (see Appendix I, for the orientation of the crystal please see Appendix F). 
Crystal was then set up in between the two Teflon part. We preformed this experiment for 15,30,45,60, 
and 90 degrees. For each angle   was vary from 10 ms, 20 ms, 30 ms, 50 ms, 100ms. As we don’t have 
enough sample to perform this experiment with 93% sample we prepared the sample again which have 
98% Li β-alumina. This sample also shows anisotropic diffusion phenomena like the 93% sample shown 
in Figure 3.37.  Therefore we think the result is generally applicable for Li containing β-alumina single 
crystal.   The 
7
Li echo signal intensity is given in Figure 3.38 to 3.42. The experimental results were 
fitted with Eq. (3.61) to estimate the diffusion coefficient. Since at  =0 (parallel orientation) the diffusion 
coefficient is very small (Figure 3.37 (b)) we didn’t measure the  -dependence of diffusion coefficient. 











Figure 3.37 Diffusion coefficient of 
7





/s and (b) parallel orientation. Solid Square corresponds to experimental data. The red line is 
obtained from Eq. (3.61). 
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Li echo signal intensity as a function of the magnetic field gradient measured at   =15 deg at 
300K with varying diffusion time   (a) 10ms (b) 20ms (c) 30ms (d) 50ms (e) 100ms for 98% 
Liβ-alumina. Solid Square corresponds to experimental data. The red line is obtained from Eq. (3.61). 
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Figure 3.39 Echo signal intensity as a function of magnetic field gradient measured at  =30 deg at 300K  
with varying diffusion time   (a) 10ms (b) 20ms (c)30ms (d)50ms (e) 100ms for 98% Li β-alumina. 
Black solid Square corresponds to experimental data. The red line is obtained from Eq. (3.61). 
 
















Magnetic field gradient (G/cm)
(a)
















Magnetic field gradient (G/cm)
(b)















Magnetic field gradient (G/cm)
(c)















Magnetic field gradient (G/cm)
(d)



















































Figure 3.40: Echo signal intensity as a function of magnetic field gradient measured at  =45 deg at 300K  
with varying diffusion time   (a) 10ms (b) 20ms (c)30ms (d)50ms (e) 100ms for 98% Liβ-alumina. Black 
solid square corresponds to experimental data. The red line is obtained from Eq. (3.61). 
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Figure 3.41: Echo signal intensity as a function of magnetic field gradient measured at  =60 deg at 300K  
with varying diffusion time   (a) 10ms (b) 20ms (c)30ms (d)50ms (e) 100ms for 98% Li β-alumina. The 
black solid line corresponds to experiment data and red line obtained from Eq. (3.61). 
  
















Magnetic field gradient (G/cm)
(a)
















magnetic field gradient (G/cm)
(b)
















Magnetic field gardient (G/cm)
(c)
















Magnetic field gradient (G/cm)
(d)




















































Figure 3.42 Echo signal intensity as a function of magnetic field gradient measured at  =90 deg at 300K  
with varying diffusion time   (a) 10ms (b) 20ms (c)30ms (d)50ms (e) 100ms for 98% Liβ-alumina. The 
black solid line corresponds to experiment data and red line obtained from Eq. (3.61). 
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Table 3.16 gives the diffusion coefficient measured at different angle and diffusion time  . It appeared 
from the Figure that in the lower angle the effect of the diffusion time on the intensity is slowly appearing 
as the diffusion time increased. At 15 degree (Figure 3.38(a)) if  =10ms, at 1500G/cm intensity decay 
only 60%.  However in case of  =100ms intensity is 100% decay at 1500G/cm. This is due to the fact 
that at lower angle diffusion is very small therefore dephasing is not enough to decay the signal. Since the 
diffusion is very small it takes higher gradient to full decay the signal. However in longer time scale 
dephasing can happen more efficiently and can decay the signal at 1500G/cm (Figure 3.38(e)).  As the 
angle increased the diffusion coefficient increased now full decay of the signal can appear at lower 
gradient. At perpendicular orientation  =90, at  =10 ms full decay happened at 1500G/cm (Figure 





















































































Chapter 4  Discussion 
4.1 7Li NMR spectra: structure and interaction 
4.1.1 Temperature dependent quadrupole coupling constant. 
The satellite separation due to the first order qaudrupole is interaction expressed as, 
        
    
  
          )  (4.1) 
Therefore separation is directly proportional to the quadrupole coupling constant or the average electric 
field gradient Vzz at the Li ion position. However the separation also depends on the orientation of the 
crystal inside the magnetic field which appears due the presence of external magnetic field. It is therefore 
possible to believe that QCC might change if the position Li ion changes with new Vzz. We therefore 
measure the angle dependent 
7
Li NMR spectra at three different temperatures to measure the quadrupole 
coupling constant. Figures 4.1(a) and 4.1(b) show the angle dependent satellite separations. The fitting 









Figure 4.1 Angle dependent satellite separations at (a) 350K and at (b) 400K of 93% Liβ-alumina. 
 
The temperature dependent QCC suggests that as the temperature increased the Li ion move to a new 
position with higher Vzz. Surprisingly this situation is completely different than that of Na ion Na β- 
alumina single crystal. Since the quadrupole moment of 
23
Na is larger the quadrupole interaction is very 
larger. QCC is around 2 MHz reported by Intaik chung et al. Due to such large coupling constant satellite 
separation are far away from the CT [1]. The Intaik Chung et al data shows that QCC seems almost 
unchanged as a function of temperature.  Previous structural data suggest that Na ions reside in the  
conduction plane and move in the plane by jumping through different site in the conduction plane. This 































































suggests that Vzz is similar in all regular crystallographic position in the conduction plane.  Therefore, 
the temperature dependent QCC for 
7
Li ion in β-alumina can be explained by the fact that Li might not 
be situated in the conduction plane. There may be distribution Li ion in the in-plane and out-of-plane site. 
The distribution of Li ion is depending on the temperature. The change of the destruction of Li ion is 
responsible for the temperature dependent QCC. In such case the temperature dependent satellite 
separation will give more in site in the position of Li ion in the β-alumina single crystal. 
 
Table 4.1 Temperature dependent quadrupole interaction obtained from orientation of the 93% Li 







4.1.2 Position of Li ion and NMR spectra 
 
Due to the weak quadrupole interaction (First order quadrupole interaction), it is possible to observe 
satellite peaks of 
7
Li in β-lumina alumina crystal. The first order quadrupole shift of the satellite peaks 
are given by Eq (4.1). The parameter    is peak to peak satellite separation in units of frequency for spin 
3/2 system,   is asymmetry parameter,         are polar angle. Unlike Na β  alumina, QCC is 
increased for 
7
Li in Li β  alumina as the temperature increased. Villa et al. [2] described a simple model 
to explain the temperature dependence of QCC for samples that have 50% Li and 85%Li in 
the β  alumina single crystal.  However, the preparation route of their samples is different than ours. We 
employed the Marco Villa et al. [2] model to explain our temperature dependent quadrupole data. The 
temperature dependence of satellite separation   sat appears in the Eq. (4.2) comes from the temperature 
dependent occupation probability p(T) of Li ion which is defined by Eq.(4.3). 
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       is the satellite separation with 100% Li occupy in-plane sites. Assuming the same in-plane site 
Temperature 
 







configuration and occupation probabilities of Na and Li,        can be calculated as follows; 
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 is the Sternheimer anti shielding factor obtained from Schmidt et al [3]. 
The temperature dependent of       for 
7
Li in 80 % Li-β  alumina and in 93% Li β  alumina is shown 
in Figure 4.2.  The solid curve represents Eq. (4.2).  Since <  o> should not depends on the 
concentration of the Li ion but on the position of the Li ion. Therefore putting similar value as 107 kHz in 
Equation (4.4)       and    can be obtained using Eq (4.2). The fitting parameter for 80% and 93% Li 
β-alumina are given in Table 4.2. In the finite temperature regime probability p(T) of out-of-plane 
occupation of Li ion is similar. However the potion of Li ion in the out-of-plane site might be different 
depending on the composition and Na-Li interaction. At present we don’t know the exact reason of the 
larger    for 80% sample. However it might be due to the mixed alkali effect.  The reason of the larger 
satellite separation which corresponds to quadruple coupling constant might due to distribution of Li ion 
more closer to conduction plane. Now it is possible to explain the composition dependent QCC from the 
position dependent QCC. It is observed that 80% sample has smaller QCC (11kHz) than 93% 
sample(20kHz). Because of the presence of 20% Na in-plane occupancy is smaller than the 93% case. Li 
ions should reside out-of-plane sites. On the other hand due to the smaller Na percentage Li ion in-plane 
occupancy in larger and give larger QCC value. This can also explain the larger    of 80% Li β
-alumina. 





The small energy imbalance is corresponds to an activation energy for local microscopic motion. Such a 
microscopic motion might be parallel to crystal “c” axis since there is occupational probability p (T) of 
Li ion to be in the out-of-plane position at any temperature T. The out-of-plane position of Li is also 
experimentally observed by Tofield and Farrington et al. [4]. However, their [4] picture does not agree 
with the out of position of Li ion observed by Edstrom et al. [5]. Despite this disagreement, existence of 
out-of-plane position Li is quite different from that Na in β  alumina crystal, where the Na ion only 
resides in the two dimensional conduction planes.   The position dependent QCC for Li was calculated 
ion using DFT calculation of Gaussian package. The basis set we used is 6-311G. No structural relaxation 
done. Only the local environment of a Li ion was considered where the Li ion is sited in BR site as shown 
          
80% Liβ-alumina 0.43 0.052 
93% Liβ-alumina 0.35 0.026 
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in Figure 4.3(a). The Gaussian package output is the electric field gradient (EFG) tensor. The QCC was 
calculated from Vzz which is the largest component of the EFG tensor. It appears that at the in-plane 
position the QCC is very large 110 kHz. This value shows very good agreement with Equation (4.4) value 
which is very reasonable since all the Li ions just occupied the same position as of Na in the conduction 
plane.  Figure 4.3(b) shows the out-of-plane position of Li ion (just above the BR site). The calculated 
position dependent QCC is show in Figure 4.4.  It is found that QCC drastically decreased as Li ion 
slightly moves to out-of-plane position along the c axis. Around 0.8 Å it show minimum QCC and it 
again started to increased. From the temperature dependent QCC measurement the QCC are in range of 
10 kHz to 20 kHz. According to our calculation this value corresponds to 0.7 Å to 0.8 Å above or below 
the conduction plane. Interestingly previous experimental data also suggest similar distance of 1 Å or 0.8 
Å over or below the conduction plane [4,5]. Edstrom data show there are two Li ion positions found at 
room temperature at a distance of 1 Å and 0.5Å from the conduction plane [5]. Therefore the observed 
small QCC value of 
7
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Figure 4.3 Local structure Li ion in the β-alumina (a) in-plane position of Li ion in BR site and (b) out- 











Figure 4.4 Position dependent quadrupole coupling constant for Li β-alumina using Gaussian package 
calculation using the local structure shown in Figure 4.4. 
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4.2 Two phase spectra model: dynamics of Li ion  
There are three key points appeared from the two phase spectra model calculation. 
(a) Reasonable macroscopic diffusion parameter are obtained such as activation energy for jump 
motion and the frequency prefactor corresponding to the vibration frequency.  
(b) The appearance of the temperature independent energy barrier distribution g(E)  
 That corresponds to static inhomogeneity. 
(c) The temperature dependent jump time or the correlation time distribution function 
 G(lnτ) which is known as dynamic heterogeneity.  
4.2.1 Dynamic heterogeneity 
The Line shape analysis using the two phase spectra give important parameter such as mean value Em and 
width E  of the energy barrier distribution g(E). However the width of the g (E) is related to the width 
τ  of correlation time distribution G(lnτ) by Eq. (3.37) because of the width of correlation is now 
temperature dependent. Furthermore the temperature dependent mean value of the logarithm of τ can also 
be obtained from the Arrhenius relation. Therefore from the temperature dependent energy barrier 
distribution g(E) the temperature dependent correlation time distribution function can be estimated. The 
correlation time distributions at different temperature are given in Figure 4.5 for parallel orientation.  
Here the width of G (lnτ) is 14 to 4.6 and 9.9 to 3.9 for parallel and perpendicular orientation respectively 
for the temperature ranges from 100K-300K. A broad distribution of correlation time G (  τ) found in the 
two phase spectra shows that very fast and very slow Li ion can exist in the same temperature. The 
Lorentzian portion corresponds to the very fast ion and Gaussian portion corresponds to very slow ion or 
in the rigid lattice regime.  At the temperature below the 100K, the Lorentzian part is almost zero 
suggest that the absence of very fast ionic motion with τ having the order of 10
-4
 sec in the NMR time 
scale. Thus, the NMR line spectra only composed of slow or immobile Li ion having broad Gaussian 
shape.  However this does not ruled out the possibility of the presence of mobile ion in the lower 
temperature. There may be Li ions which can surmount small barrier height and jump to the adjacent site, 
however there number is so small at the lower temperature so that they are not appreciably detected as 
Lorentzian Line shape. As the temperature increased the number of moving Li ion that are jumping over 
the energy barrier  is also increased and Lorentzian contribution appeared as an effect of the average 


















Figure 4.5 Temperature dependent G(lnτ) for τ* is the limit for the fast Li ion. τ larger than τ* is 
correspond to slow Li ion. 
 
4.2.2 Energy barrier distribution 
The fast fraction F0(T) can be expressed in terms of the integration of the g(E) instead of G(lnτ) if the 
temperature dependent width of G(lnτ) exists.  In such case, F0(T) can be obtained from Eq. (3.38) if 
integration upper limit for the fast lithium ion will be E
*
. Since the energy barrier distribution function is 
temperature dependent, the temperature dependence of the first fraction weighting factor F0(T) appear 
from the temperature dependent of E*.  Thus it is possible to write Eq. (3.40), where E
* 
is proportional 
to temperature T since τ  is thresh hold correlation time for the fast Li ions and τ  is fitting parameter.  
Eq. (3.40) also suggests that the temperature dependent fast fraction is appear due to the temperature 
dependent of E
*
 since Em and    are fitting parameter.  The physical consequences of this temperature 
dependent activation energy E
*
 are interesting. The position of E* in the temperature independent energy 
barrier distribution for the 93% Li β-alumina single crystal parallel orientation are shown in Figure 4.6 




































Figure 4.6 Temperature independent energy barrier distribution g(E) of 93% Li β-alumina single crystal at 
parallel orientation. E
*




 is cut off energy of the fast lithium ion. At temperature T, there exist a maximum energy E
*
(T) and the 
Li ion with finite thermal energy can hop over the energy barrier having energy between 0 to E
*
 eV. 
However as the temperature increased the thermal motion of the ion jumping is increased and the ion can 
hop over higher energy barrier comparable to it thermal energy and new higher energy barrier limit E
*
 
will appear. Not only E* increase as function of temperature, the number of Li ion having thermal energy 
from minimum energy to E
*
 will also increase and this result in increasing the Lorentzian contribution of 
the line shape. A reasonable physical picture will appear since there already exist wide range of energy 
barrier height which itself is temperature independent and with increasing thermal energy the Li ion will 
explore this energy barrier landscape with barrier limit E
*
(T) at temperature T. 
It is now possible to incorporate the different activation energy obtained from the PFG NMR, 
conductivity measurement, small energy imbalance obtained from the NMR satellite separation and 
average activation energy from two phase spectra model. Except the two phase spectra model, other 
technique gives single activation energy and is explained in terms of two site (in-plane and out-of-plane) 
model. However, in reality the situation is more complex in case of the disordered crystalline Liβ-alumina. 
Also Marco Villa model is very simple to explain the satellite separation. In this case the distribution of 
energy barrier appear from the two phase spectra model is more realistic which can incorporate the 
out-of-plane sites. Figure 4.7 shows the physical picture of energy barriers estimated from different 
experiments. From the PFG NMR point of view the sharp component corresponds to fast Li ions and 
broad component correspond to slow ion. The broad part does not decay as function of gradient. Thus 






Figure 4.7   Physical picture of Li ion jump motion in where the energy barriers are distributed. 
 
4.3 Temperature dependence of relaxation time T1  
Even though BPP model predicted a symmetric Lorentzian line shape for the temperature dependent T1 
measurement, such a symmetric peak was not observed for some crystalline materials [7]. Instead 
asymmetric peak was observed with smaller slope in lower temperature region and higher slope in higher 
temperature region. Walstedt et al. found such asymmetric peak for Li β alumina [8]. Since BPP 
assumed random motion of ions, the correlation function was described by single correlation time 
however, in reality crystalline ionic materials may contain structural disorder or the interaction among the 
ion might not be neglected. In such a case an energy barrier landscape with correlation time distribution 
might appear which can modify the BPP relation. In that case the BPP relation can be written as  
          
        
 τ
     τ 
β
     (4.5) 
where, β can be smaller than 2 larger than 1. 
Thus our observed small activation energy can be explained by the presence of the energy barrier 
distribution for the jump motion. Since in the lower temperature regime due to the small thermal energy 
only lower energy barrier can be surmounted by the Li ion and it is impossible for the Li ion to go over 
the higher energy barrier larger than thermal energy. Therefore this small activation energy corresponds to 
the local motion of Li ion within a small energy barrier environment. For the macroscopic motion Li ion 
have to be surmount the higher energy barrier which will possible in the at more higher temperature. In 
this regard it is important to mention that Walstedt et al. discussed about the distribution of energy barrier 
height to explain the spin lattice relaxation time T1 in case of Na β-alumina [9]. Macroscopic activation 
energy obtained from the mean value of the energy barrier distribution function g (E).  
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4.4 Macroscopic diffusion 
4.4.1 Anisotropic Diffusion 
Diffusion coefficient of 
7
Li in β-alumina single crystal was measured by PFG NMR. The anisotropic 
nature of the diffusion was confirmed by rotating the single crystal in static magnetic field. It is also 
important to mention that; the ionic conductivity along the c direction was measured using Alpfa-A high 
performance frequency analyzer of Novocontrol Technologies in frequency range from 0.01Hz to 10 
MHz. The impedance measurement was performed by decreasing the temperature from 473 K to 293 K. 
The activation energy data and ionic conductivity data using impedance experiment along the c-direction 






. The impedance data clearly shows the 
anisotropic motion of the ion in β-alumina crystal since the conductivity is 12 order lower and the 
activation energy is very high along the c-direction. This data is consistent with PFG NMR experiment. 
Therefore macroscopic motion of Li ion is only possible along the ab plane  
 
4.4. 2 Angle dependent diffusion coefficient 
Translational diffusion is a process by which the particle distributed in the space randomly. Therefore the 
important diffusion parameter diffusion coefficient was obtained from the solution of the diffusion 
equation known as Ficks law, 
 
 
       
  
               (4.6) 
D is the diffusion coefficient, C is the solute concentration.  
 The following Eq can be expressed in term of the probability 
 
 
            
  
                 (4.7) 
 
Where P (ro| r1, t) is the probability of particle which was at t=0 in the ro position and will be found at r 
position after time t.  If we can recall Eq 3.60, 
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The distribution of particle position is Gaussian if the motion is random also the average displacement is 
zero since motion of the particle is equally probable in all direction. Thus the displacement is estimated 
by the average of the square displacement        
  . 




         
            
            
         (4.8) 
 
Figure 4.8 Schematic of the angle dependence of diffusion coefficient. 
 
For two dimensional motion along the in the ab plane the above equation can be written as,  
         
            
            (4.9) 
In the PFG NMR diffusion measurement ionic displacement is only probed along the gradient field 
direction which usually z direction. 
Where instead of t we use , since it is used as the diffusion time PFG NMR.  Suppose a single crystal 
Li β-alumina is oriented in such a way that the crystal c axis is making an angle   with the static 
magnetic field B0 and magnetic field gradient g as shown in Figure 4.8(a). We know that when the Li 
β-alumina single crystal c –axis is in perpendicular orientation then the conduction plane is parallel to the 
gradient field direction and maximum diffusion is observed. Also very small diffusion coefficient was 
observed in the along the c axis. However, If the crystal is oriented in an angle   as in Figure 4.8(a) then 
displacement along the z direction can be written as  
          
                     
      . 
This can be understood as follows. The initial position of the particle along the z direction is ro sin  and 
after time   the new position will be r1sin  which is shown in Figure 4.8(b). The average displacement 
along the z direction is 
                   . Therefore average of the square displacement along the z-direction can be 
written as  
         
            
              (4.10) 
Therefore the for the random transitional motion D angle dependent diffusion coefficient should follow 
the sin
2
  dependence. Figures 4.9 (a-e) shows the angle dependent diffusion coefficient measured at 


































Figure 4.9 Angle dependent diffusion coefficient of 
7
Li in 98% Li β-alumina measured at various 






























































































































At present angle dependent diffusion coefficient can be fitted to the sin
2
  which is corresponding to the 
normal diffusion. To consider the anomalous diffusion the fitting equation should be modified. The 
important thing is that the exponent appears in the diffusion time dependence is small, therefore the angle 
dependent data can be fitted to sin
2





4.5 Frequency dependence of Conductivity and two phase spectra model 
 
By analyzing the result of the frequency dependence of the conductivity, the following important 
observation can be made. 
 
(a) There is a small power law behavior observed in the pure Na β alumina and Li containing β 
alumina single crystal which can be written as  
            (4.11) 
where, k is in the range 0.05 to 0.20  
 
(b) The exponent k is temperature dependent for Li containing β  alumina; however k is 
temperature independent in case of the pure Na β-alumina. 
  
(c)The conductivity is always frequency dependence in the entire frequency range, there are no dc 
conductivity observed in β-alumina single, while the other disordered materials show dc conductivity. 
 
Thus before advance in to the discussion regarding probable reason of the small power behavior  
observed in β-alumina, we want to put short discussion about the typical power law behavior observed in 
disordered glassy system because of similarities with β alumina. 
 
Even though the small power law behavior is new phenomena observed in the β-alumina single crystal, 
the general power law behavior was known since Jonscher proposed his famous power law given below 
[10], 





      (4.12) 
for AgS-GeS2 n is 0.55  [11]. 
Generally such frequency dependence of conductivity suggests an existence of non-exponential relaxation 
behavior. The correlation function of the non-exponential relaxation can be expressed as, 





    (4.13) 
The reason of the non-exponential behavior was explained by K. L Ngai in his coupling model [12]. 
According to his model, during motion of the ion in glass the ions are interacting with each other by 






coupling between the ions depends on the observation time scale.  In the short time scale the interaction 
might weak and the ion relaxed quickly on the other hand in long time ion become more coupled with 
other ions and correlated motion appear. Thus a distribution relaxation time exists. 
  In the jump model Ngai [11] shows that, 
  Eac=(1-n)Edc (4.14) 
Eac is the single particle activation energy, where the ion moving randomly without interaction other ions. 
Edc is the activation energy corresponding to the macroscopic motion of ion where in ion is highly 
correlated and interacting with other ions. N is the exponent shown in Eq. (4.12). 
Funke et al. give physical explanation of the each part of the frequency dependent conductivity plot. 
From the broad band conductivity of the silver ion conducting glass 0.5Ag2S.05GeS2, [13] the constant 
conductivity is corresponds to the macroscopic motion of the ion, after this there is power law region 
(follows Jonscher power law behavior) which corresponds to the motion ions in the interconnected region, 
even more higher frequency the ion shows local motion in a restricted region and cannot contribute to the 
macroscopic motion. The higher frequency region corresponds to the vibration motion. The description of 
the ionic motion in different frequency range is consistent with Ngai coupling model [12]. However, to 
explain such frequency dependence of motion Funke propose his MIGRATION mode (Mismatch 
Generated Relaxation for the Accommodation and Transport of ION) [14]. The MIGRATION can explain 
simultaneously the dc conductivity and fraction power law region previously described by Jonscher’s 
power law [10]. The key information is that the frequency dependent part is related to the translational 
motion of ion with relaxation time distribution. This is classical way to explain the frequency dependence 
of conductivity. 
However, recently Kamishima et al observed small power law behavior in the Ag β-alumina single crystal 
which was explained by scale invariance [15]. In fact this is the first report of the observation of the 
power law behavior in crystalline material. Since conductivity is show frequency dependence in the entire 
frequency range at  =0 the conductivity is also zero. Therefore localization charge appears in case of the 
infinitely large sample.   They assume that the ion is moving randomly in a self repeating fractal 
structure. Thus the mean square displacement of a random walker on the fractal can be expressed as  
              (4.15) 
The fourier -laplace transformation can give the frequency dependence of the conductivity 
  ( )     
 
            
 
 
   
  
 
      (4.16) 
since    is 2.322  which is corresponds to the effective dimensionality of the random walk. Therefore, 
               (4.17) 
This small exponent is similar to the exponent found in the frequency dependence of conductivity for Ag  
 
β alumina which are in the range 0.15 to 0.11 depending on the temperature. Even though their data 
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suggest a temperature dependent of the exponent is exist but they did not discussed the reason behind this. 
In case of the frequency dependent conductivity of Li β-alumina and pure Na β alumina the exponent is 
more widely distributed from 0.05 to 0.20, depending on the temperature and composition. More over at 
Na β-alumina show very small exponent as low as 0.05 and it does not depends on the temperature 
(Figure A13 in Appendix A). This exponent is very small compare to the exponent found from the fractal 
diffusion. However, while the fractal diffusion can explain the weak frequency dependence, it cannot 
explain the temperature dependent exponent appear in the frequency dependent conductivity of Li β
-alumina. At present we do not exactly know the reason behind the dispersive behavior and temperature 
dependence of exponent; we think that our two phase spectra model might be useful for this purpose. As 
we remember, the spectral density can be expressed in terms of the relaxation distribution function G(lnτ). 
However the shape of the spectra is temperature dependent. Thus the temperature dependence of spectra 
appear from the G(lnτ). However, the temperature dependence of G(lnτ) can be come from two different 
way. Firstly the width of the distribution function does not change but the mean value will be move to the 
lower τ value as a function of temperature. Secondly, G(lnτ) will shift to the lower value and the width 
of the G(lnτ) would be modified ( getting sharper) as a function temperature. Since the exponent n in the 
frequency dependence of conductivity is corresponds to a particular relaxation distribution function, 
therefore the temperature dependence exponent is connected to the temperature dependence of G(lnτ). 
Thus Li β-alumina behavior may be related to second approach and the  much simpler Na β-alumina 
situation (temperature independent exponent) is related to first approach.  Scaling behavior (Appendix 
A3) also suggests that there is a modification of the τ distribution in case of Li  -alumina. We observe 






Chapter 5 Conclusions 
 
Li β-alumina single crystal was prepared from the conventional ion exchange method from the Naβ 
alumina. The exchange amount of Li from Na was analyzed by ICP-AEA spectra and the best root to 
obtain high concentration of Li was determined. 
Ionic conductivity was measured by ac impedance spectroscopy. A small power law behavior in 
conductivity        
 
 : k=0.1~0.2 was observed for the entire samples including the pure 
Naβ-alumina in the lower frequency region, where the typical ionic conductor shows the dc conductivity 
plateau. Furthermore in case of the Li β alumina the exponent k depends on the temperature and well 
known Roling's scaling is broken, which suggests a more complex ionic dynamics present in the Li 
β-alumina. It is probably due to the temperature dependence of the population ratio between on-plane and 
out-of-plane sites, which is evidenced by the NMR quadrupole analysis. 
Macroscopic crystal structure was analyzed by powder and single crystal X-ray diffraction. This suggests 
that Li ions locate not only in the on-plane sites which is the same to Na β-alumina but also in 
out-of-plane positions 0.8Å from the conduction plane, which is consistent with previous reported data.  
From angle dependent 
7
Li NMR, the chemical shift anisotropy and the quadrupole coupling constant 
(QCC) are determined. The observed QCC value of Li β-alumina is much smaller than the value expected 
by assuming on-plane position as in the case of Na β-alumina, but it is well explained by considering 
out-of-plane site suggested by XRD. This is consistent with the molecular orbital calculation by Gaussian 
03 program.  
Unlike the Na β-alumina, the QCC of Li β-alumina depends on the temperature, which is explained by 
considering the temperature dependence of the Li ion's population ratio between the out-of-plane sites and 
on-plane sites. At lower temperature Li exists mainly in the out-of-plane sites and as the temperature is 
increased the probability of Li ion in the conduction plane increases. This unique variation of the local 
structure around the Li ions in Li β-alumina may cause the unique dynamical behavior in the frequency 
dependent conductivity, the echo-time dependence of PFG-NMR diffusion coefficient and the motional 
narrowing process of NMR line shape below. 
To understand the effect of the disorder on the dynamics of the Li ion in Li β-alumina, the NMR line 
shape is measured in wide temperature range and is analyzed by various models. NMR line shape is 
simple Lorentzian at high temperature above RT but is broad Gaussian below 100K, which is a 
combination of both at intermediate temperatures as an indication of motional narrowing due to the fast 
motion of lithium. Although, the line width of the spectrum can be fitted well by conventional BPP and 
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HB models, the parameters including the activation energy and pre-exponential factor are far from the 
realistic values expected from the conductivity and Raman spectra etc. The reason of this discrepancy is 
due to the presence of large structural disorder around the lithium ions in the β-alumina. Instead, two 
phase spectra model by Rossler et al. gives good fit and reasonable parameters, where a distribution of 
relaxation times or energy barriers are taken into account and a tempera rue dependent cut-off energy E* 
is considered based on the energy landscape concept.  
Finally, the diffusion coefficient D of the Li ions in β-alumina single crystal is determined for the first 
time by pulsed field gradient NMR technique. The observed D values depend strongly on the orientation 
of the crystal, which is the clear evidence of the two dimensional anisotropic motion of the lithium ions. 
The D value parallel to conduction plane is fairly in good agreement with the ionic conductivity; however 
a small difference is seen in their activation energies which is attributed to the defect formation energy. A 
careful measurement of the spin-echo signals in different echo-time  revealed the indication of 
anomalous diffusion. The apparent D values depend on the echo-time , which is consistent with the 
small frequency dependence of the conductivity. The  dependence of D suggests the effect of structural 
inhomogeneity and random potential barriers discussed in spectrum analysis. 
 Thus, we conclude the above story as follows: 
At low temperature, most of the lithium ions are located in the most stable out-of-plane sites and a few 
are in on-plane sites or others with higher potential energies. When the temperature is increased, the 
kinetic energy enable the lithium ions to promote higher energy positions like on-plane sites, which 
results in the temperature dependence of the QCC of NMR. In reality, this promotion is a change of the 
distribution of the lithium ions in a random potential landscape, where only a part of ions with larger 
kinetic energy than the threshold E* is considered as the fast moving ions from the threshold time scale 
τ*; the temperature dependence of the NMR line shape is well explained by this model. The large 
distribution of the potential barrier will affect the random walk of the lithium ions, which give rise to the 
anomalous diffusion detected by PFG-NMR and the small frequency dependence of the conductivity. 





Appendix A   Frequency dependence of conductivity 
A-1   General Trend of Frequency Dependent Conductivity for Ionic Conductors 
As is shown in Chap. 3, the modern technique to determine the ionic conductivity of solids and liquids is 
based on the measurements of complex impedance as a function of frequency[16], which enable us to 
estimate the true "d.c." ionic conductivity by so called Cole-Cole analysis even if the polarization effect 
between the electrode and the material [16].  
 
  
Figure A1 Typical Conductivity spectra in a wide frequency range. 
 
From a scaling concept, however the "d.c." conductivity is defined by  
                 (A1) 
On the other hand, the ac conductivity σ(ω) of ionic conductors shows very universal frequency 
dependence, which can be described by a variety of theories [17]. 
 
 





          (A2) 
where, n~0.5~0.7,  and μ~1.0. 





is called Jonsher region, 
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and the third term A   is called as "constant loss" part [17].  
An example is shown in Figure A.2 for the silver ion conductor glasses of AgI and alkylammonium 
iodides [18], where the typical three regions are seen. 
 
  
Figure A2. Frequency dependent conductivity of typical tetra alkylammonium iodides glasses at room 
temperature [18].  
 
Another example is shown in Figure A.3, which is the ac conductivity of LiNO3-diamminopropane glass 
and its super cooled liquids. Here, three regions including electrode polarization at low frequency at high 
temperature is also seen [19]. 
 
  
Figure A3 The electric conductivities of the 40 mol% LiNO3-diamminopropane solution measured on 
heating the sample after quenching at the liquid Nitrogen temperature [19]. 
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In comparison with those typical ionic conductors, no precise data had been reported for beta-alumina 
until recently. Figure A4 is the ac conductivity of Na β"-alumina at high temperature and high frequency 
region; here a plateau region corresponding d.c. conductivity and a Jonscher type power law region and 
the vibrational region are observed [20]. Very recently, Kamishima et al. reported a precise result on Ag 
β-alumina single crystal [15], which is shown in Figure A5. They concluded that no d.c. plateau region is 
observed between the high frequency power law region and the low frequency electrode polarization 
region. The intermediate region is also following a small power law as ω0.1~0.15 as shown in Figure A5.  
 
 
Figure A4: Frequency-dependent conductivity ,σ(ν), of Crystalline Na-β’’ alumina at 473K. The solid 









Figure A5 The frequency dependence of the conductivity Re( ) of (a) Sample (9.25 3.95 1.20) mm  
with an Ag-spattered electrode, (b) Sample B (9.81 2.98 1.05) mm with an Ag-spattered electrode, in a 
temperature range from approximately 100 K to room temperature [15]. 
 
Frequency dependent conductivity values of different Li containing β-alumina single crystals (30%, 80%, 
93% and 98%) measured at different temperature are shown in Figures A8 to A11.  For the convenience 
of the comparison the Na β-alumina data is also given in Figure A12. The onset value of the frequency 
increased with temperature which is typical behavior of an ionic conductor. In typical glassy ionic 
conductor after the onset frequency, the frequency independent dc conductivity region appeared. However, 
in case of the β-alumina single crystal none of the sample shows such dc conductivity region.  Instead 
in all the measurement a small frequency dependence of conductivity appears. The slope of the frequency 
dependence is given by straight lines. In the entire frequency range there is no frequency independent 
conductivity region. This phenomenon was never observed for any other fast ionic conductors.  
This unusual small frequency dependence of conductivity at "d.c. conductivity region" was first reported 
by Kamishima et al for Ag β-alumina [15].  We have reported in more details such frequency 
dependence ionic conductivity for single crystal Na β- alumina and Li contained β-alumina single 





Figure A6 frequency dependent conductivity behavior of β-alumina single crystal at low temperature.   
 
It is appeared that all the Li containing single crystal samples show a frequency dependent conductivity 
curve at low temperature similar to Figure A6. The zone 1 belongs to interface region, zone 2 corresponds 
small frequency dependence of the conductivity and zone 3 correspond to usual Jhonscher power law 
zone.  Zone 1 and zone 3 are common to other ionic conductors as discussed above. But zone 2 is rather 
new phenomena found recently in Ag and Li β-alumina. As an example we show the frequency 
dependence of the conductivity of 93% Li β alumina measured at -70C in Figure A7. The initial slope in 
this Figure is zone 1, which is here neglected since it is due to the electrode electrolyte interfacial 
polarization. In this Figure we identified three different region with three exponent over frequency where 
        . A small power law of n ~0.17 is obtained in zone 2, which is very unique only in β-alumina 
single crystals. The exponent lies between the values from 0.05 to 0.20 depending on the temperature and 
the composition as shown in Figure A13. 
The region corresponds to n=0.4 at zone 3 is similar to the well-known Jonsher power law region [21].  
This region along with the dc conductivity region was observed in different glassy system. According 
Funke et al discussed this frequency dependence region in terms of the hopping motion of ion in his jump 
relaxation model [13,14]. However, no such discussion was presented for n=0.17.   
More importantly, the exponent is not constant but depends on the temperature and the composition of the 
β-alumina as shown in Figure A13. We observed temperature dependent exponent for all the samples 
containing different amount of Li ions. Interestingly the Na β-alumina sample also shows the small power 
law behavior, however the exponent is small 0.05 and it is temperature independent. We think that this 
observation is very important. There might be considerable structural and dynamical difference between 
Na and Li containing β- alumina. We will return to this problem in Appendix A3 in view of the 
frequency-temperature scaling point of view.  













































Figure A7. Frequency dependence of the conductivity 93% Li β-alumina at -70°C.  The black line is 


















Figure A8.  Frequency dependent conductivity of 98% Li β-alumina single crystal in the 




















































































Figure A9. Frequency dependent conductivity of 93% Li β -alumina single crystal at 




















































Figure A10. Frequency dependent conductivity of 80% Li β-alumina single crystal in the temperature 







































































































































Figure A11. Frequency dependent conductivity of 30% Li β-alumina single crystal  in the temperature 























































































Figure A13. Exponent k is plotted as function of temperature for various Li ion content in β alumina 
single crystal. (Here k is related to   by power law :        ). 
 
Appendix A2 Temperature dependent conductivity 
 
Unusual frequency dependence of the conductivity in Liβ alumina is also recognized when the 
conductivity is plotted as a function of temperature.  In conventional ionic conductors, the conductivity 
observed at constant frequency follows Arrhenius law whose slope gives the activation energy for ion 
migration. For this purpose, the conductivity should converge into single curve at low frequency region as 
can be seen in Figure A14. The apparent activation energy at low frequency is expressed as Edc 
corresponding to d.c. conductivity, on the other hand at high frequency the slope is smaller than the low 
frequency value to give Eac <Edc. In particular at high frequency enough in the constant low regin the ac 
conductivity has no temperature dependence as shown in Figure A14. These phenomena are well known 
and well established as a "universality of ion dynamics" in variety of ionic conductors including crystals, 
polymers, glasses, supercooled liquid etc.  
On the other hand, in case of Li β alumina, because of the unusual small frequency dependence at "d.c. " 
conductivity region it gives rise to another unusual temperature dependence as shown in Figure A15 to 
A19. Even though the frequency is decreased enough, no single converging curve is observed but only 
many parallel curves are found. It is very difficult to define the "d.c." conductivty from these data.  




























Figure A14 Arrhenius plot of the electric conductivity of the 40% LiNO3 solution [19]. 
 
 
















































Figure A15. Temperature dependent conductivity of 98% Li β-alumina at different frequency 
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Figure A16. Temperature dependent conductivity of 93% Li β-alumina at different frequency 
 
 











































Figure A17. Temperature dependent conductivity of 80% Li β alumina at different frequency 
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Figure A18.  Temperature dependent conductivity of 30% Li β alumina at different frequency 
 







































Appendix A3 Scaling properties 
 
 Rolling et al. shows that if properly scaled the frequency dependence of the conductivity 
measured at different temperature are all superimposed into a single master curve. Such behavior was 
observed for the 0.3Na2O-0.7B2O3 and x AgI.(1-x)AgPO3 glass materials etc. [22]. This is known as time 
temperature superposition principle. Funke et al described this behavior as a first universality [13,14]. 
Roling's scaling formula is shown as, 
 
      
   
     
 
    
  (A-3), 
where the frequency and temperature dependent        is scaled by     . Rolling scaled the 
frequency axes by  dcT and conductivity axis  dc. Here  dc is the temperature dependent dc conductivity at 
a temperature T. The physical significance is that as the temperature increased the ionic motion is 
increased however the conductivity mechanism is not changed. 
   
  
Figure A20 Master plot of the conductivity data of 0.3Na2O-0.7B2O3 glasses by Roling's 
temperature-frequency scaling [22]. 
 
 In order to check the validity of the Roling's scaling to the present data of Li β-alumina, we tried 
to fit the experimental data to the equation (A-3). Figures A21 to A25 show the trials of the Roling's 
scaling for Li β-alumina in different compositions. Here the frequency axis was scaled by  lfT, where  lf 
is the low frequency conductivity (at 0.1 Hz) at temperature T. Here we used  lf because of the absence of 
the dc conductivity. It appears from these Figures that conductivity as function of the frequency measured 
at different temperature does not coincide nicely like the glassy materials. However the pure Naβ-alumina 
shows much better scaling property than Li contained β-alumina which shown in Figure A25.  
 The breakdown of the Rohling's scaling in Li containing β-alumina is a natural consequence of 
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the temperature dependence of the power low parameter k in Figure A13. Most of the well known ionic 
conductors including glassy materials, the frequency exponent n is around 0.65 and temperature 
independent. However, in case of Li containing β alumina the k values depend strongly on the 
temperature from 0.2 to 0.05 as seen in Figure A13. In case of Na β alumina, on the contrary, the k value 
is independent of the temperature and is close to zero (~0.03) as seen in Figure A13.  
The breakdown of the Roling's scaling and the temperature dependence of the power-law parameter k are 
an indication of the unique nature of the Li containing β-alumina.  
 Temperature-frequency scaling implies that even the temperature is changed the overall 
dynamics of the ions is the same; the temperature is just the control parameter of the time scale. When the 
scaling postulate is broken, it suggests that another factor is affecting the ion dynamics, whose 
temperature dependence is different. One possible explanation of this break down in Li β-alumina is that 
the local structure around a lithium ion is not simple as in the case of Na β-alumina and other glassy 
materials. Since the location of lithium ions in the Li β-alumina is not simple as in Na β-alumina as was 
discussed in Section 3.2 and Section 4.1. The most stable position of lithium at lowest temperature is 
probably out-of-plane positions, on the other hand when the temperature raised, there will be more stable 
sites between the out-of-plane and on-plane sites as the XRD and NMR quadrupole data are suggesting. 
This temperature dependent local structure around the lithium ion is probably the main origin of the 
breakdown of the Roling's scalling and the temperature dependence of the k parameters in Li containing 
β-alumina. Unfortunately, this observation is quite new and unique so that no consensus is achieved at 
present in the science community. Thus, the results and tentative explanations are pointed out here. 
 
 




























































































































































 223K  
 






















































































Appendix B NMR theory 
 
Nuclear magnetic resonance technique manipulates the interaction of nuclear spin with external static 
magnetic field. A non zero nuclear spin I will split in to 2I+1 spin state in the presence of static magnetic 
field Bo. This is called Zeeman splitting.  The corresponding angular momentum operator     is 
projected along the z direction. The spin angular momentum is related with nuclear magnetic moment by 
gyromagnetic ratio   as,  
        (B-1) 
 For example, if the nuclear spin is 3/2 the there will be 4 states quantized along the z direction with 
angular momentum   z. 
 Any spin state quantized along z direction can be expressed by Eigen value equation, 
                   (B-2) 
Here l is azimuthal quantum number and m is spin state with value -3/2,-1/2, 1/2, 3/2 
Therefore, the Zeeman Hamiltonian tells us the interaction between the magnetic field and the quantized 
spin state. 
           z (B-3) 
 A precision frequency is introduced as the strength of the static magnetic field as, 
         (B-4). 
    is called Larmor frequency and it depends on the gyromagnetic ratio and the strength of the 
magnetic field B0. Since every isotope has its own gyromagnetic ratio, with fixed B0 Larmor 
frequency    is the characteristic frequency of each isotope. 
As an example ,   for 
7
Li = 2 ×16.546 MHz/T and B0=9.4T in Bruker Avance 400 superconducting 
magnet. Then,  




     = 16.546 MHz/T×9.4T =155.70MHz (B-6). 
The following Figure B1 will give intuitive picture of splitting of spin state I=3/2 corresponding to
 7
Li 





Figure B1 Spin 3/2 split into 4 states in presence of the external static magnetic field B0. 
 
 
Since the energy gap is equal, there will be only one peak in the NMR spectra. However, the nuclear spin 
interacts electrically and magnetically with surrounding environment. Therefore its interaction with the 
external magnetic field will be modified in the presence of local environment.  The total Hamiltonian 
then can be expressed as a summation of many other contributions,  
                     (B-7) 
Let us discuss in short about the each Hamiltonian 
 
(i) Chemical shift Hamiltonian Hcs  
Spin under consideration is surrounded by many bound atoms. This atom has circulating electron in their 
orbital. As a result they induce an extra magnetic field. Therefore the actual magnetic field is changed as 
the induced local field adds up or subtract from the external field. There for the Larmor frequency is 
slightly shifted even for the same isotope depending on the local environment. This is call "chemical 
shift" interaction or shielding effect whose Hamiltonian can be expressed as,  
                              (B-8)
 H=                              (B-9) 
where,          is the Larmor frequency. 
The definision of the chemical shift value   is defined as, 
  
     
  
 
            
  
     
   (B-10) 
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Here,    is called "shielding tensor" which has nine components; this tensor can be diagonalised by 
chosing a principal axis system and the shielding tensor can be expressed by three components:    
   , 
   
   and    
   . Thus the angle dependent chemical shift can be expressed as,  
        
                   
                   
           (B-11). 
In  β-alumina, it is assumed from the crystal symmetry that 
    
       
     (B-12). 
The average value of                 is used for the calculation. 
 
(ii) Dipole Hamiltonian HD 
A nuclear spin is thought of as a magnetic dipole.  The classical analogy of an interaction between two 
bar magnetic can helpful understand the spin dipole interaction between two spins Ij and Ik with the 




. The unit vector parallel to the line between the two spin is ejk. The dipole 
Hamiltonian can be expressed as [23], 
                                  (B-13). 
where, ejk. is the unit vector parallel to the line between the two spins and, 
      
  
  
     
   
   (B-14), 
where rjk is the distance between the spins j and k. 
The scaler part is called dipole-dipole coupling constant. This interaction is strong in the very local 
environment as the strength is depends on the 1/r
3 
In case of the Homonuclear spin, the secular part of the dipole-dipole Hamiltonian can be expressed as,  
                                  (B-15), 
    is the secular dipole-dipole coupling which gives the angle dependence of the dipole dipole 
interaction as, 
    =   
 
 
               (B-16). 
 
For the heteronuclear spins, the Hamiltonian can be written as,  
                          (B-17) 
From the Eq (B-16),, the secular dipole-dipole coupling will be zero at         , which is called 
"magic angle". 
 
(iii) Quadrupole Hamiltonian HQ  
Nuclear spin of I  
 
 
 is called quadrupole nucleus because of the nonspherical charge distribution of the 
nucleus which is characterize by quadrupole moment Q. Quadrupole nuclei are the 70% of the periodic 
table. The quadrupole nuclei with their quadrupole moment interact with electric field gradient generated 
by the surrounding ions and electrons. Classically the electrical energy of a charge distribution can be 
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written as  
             τ (B-18) 
And we can expand V(r) using Taylor expansion as, 








   α β
   
  α β
 α β
   
     (B-19) 
Here, 




   
  α β   
   
  α β
 
   
 (B-20) 
are  the first and the second derivative of the scaler potential. Then from Equation (3.13), 
             τ    αα   α      τ  
 
  
  αβα β   α β      τ       (B-21) 
The third term is so called classical electrical quadrupole interaction term. 
It is possible to define the quadrupole energy as, 
    
 
  
  αβα β   α β      τ (B-22). 
However, using a quadrupole moment tensor  αβ defined as, 
  αβ      α β   αβ 
    τ (B-23), 
The quadrupole energy is expresses by, 
    
 
 
  αβα β  αβ (B-24). 
Thus, the quadrupole nucleus with I>1/2 has extra quadrupole interaction energy proportional to its 
quadrupole moment Q and the second derivative of electric potential  αβ ; ie. electric field gradient. 
Quantum mechanical expression equivalent to Eq. (B-24) can be expressed in terms of the operator 
representation as, 
    
 
 




Here the    
αβ
 is quadrupole operator 
This operator acts on the eigen state with spin state given by m, therefore the matrix element of the 
quadrupole operator is  
         
αβ
              
 
 
  α β   β α   αβ 
         (B-26). 
Here I is the total angular momentum, m is the spin state,   other quantum number, C is Clebsch Gordon 
Coefficient. 
The Hamiltonian operator can be written as,  
    
  




  α β   β α   αβ 
    (B-27). 
Using the Cartesian coordinate, the Hamiltonian can be further expressed as, 
    
  
        
        
             
             
      (B-28). 
 
Using the Laplace Equation   αα    α  the following equation is obtained;  
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    (B-29). 
 
Therefore quadrupole interaction can be expressed by the following two parameters;  
Principal electric field gradient, 
     =eq   (B-30) 
and asymmetry parameter, 
    
       
   
  (B-31) 
Therefore, considering the axial symmetry, the total Hamiltonian in the presence of an external magnetic 
field along    direction can be writes as,  
     
 
     
  
  
        
       
      (B-32) 
By considering, 
                   ,  (B-33) 
the above Eq. (B-32) can be written as  
      ℏ    
  
  
        
        
           
                                 
        
   (B-34) 
Therefore the Eigen value of this operator acting on the spin state m can be written as  
            
    
        
 
        
 
               (B-35) 













 are shifted by the frist order interaction. Thus three peaks will be observed in case of I 
= 3/2.  The middle peak is called a "central peak (CT)" and the two side peaks are called "satellite peaks 
(ST)". Because of the Equation (B-35), the satellite peak position depends on the orientation angle   . The 
satellite separation directly gives the quadrupole interaction energy. Therefore in case of the single crystal, 
the orientation dependence of the satellite peak position shifting give the evidence of the first order 
quadrupole interaction which is very important topic in this study. From the equation (B-35), the angle 
dependent satellite separation     for 7Li nucleus with spin I=3/2 can be expressed in unit Hz as,  
        
    
  
          )  (B-36). 
However, if the quadrupole interaction is much stronger, then the second order term is included and it 




      
 




     
                     (B-37), 
where   is the asymmetry parameter defined in equation (3.24) and  
             ,         ,             (B-38), 
There are many text books that describe all this interaction beautifully. Specially, Malclom H. Levitt [23], 
Slichter [25] and the Abragam [25] books are highly recommended in this purpose.  
Since we are studying the Li ion especially in this study which is quadrupole nuclei we put much 
emphasis on the theoretical back ground of the quadrupole interaction and the source of the angle 
dependence of the quadrupole interaction. 
 
 
Figure B2 Energy level shifting by 1
st
 order and second order quadrupole interaction. Here 4   is 
correspond to       in Eq. (B-36).  
 
(iv) J- Coupling 
The indirect dipole-dipole interaction or J coupling appeared by the assistance of bonding electrons in 
molecule. If a molecule has two spins Ij and Ik, then the full form of Hamiltonian for J coupling can be 
expressed as [13] 
             
      
                (B-39) 
Where     is the J –coupling tensor, a 3×3 real matrix. 
J-coupling is usually observed as an intramolecular interaction typically between two or more protons in 
an organic molecule, which survives motional averaging in an isotropic liquid. The J-coupling or its 
secular term of scaler coupling is very rare to affect the NMR line shape or relaxation of solid ionic 
conductors except an example of
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Appendix C Two phase spectra model 
 
The distribution of correlation time usually expressed as the Gaussian distribution of 
logarithmic correlation time ln  which is as follows, 
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Equation (1) gives the relation between the energy distribution function and the correlation time 
distribution function. 
 
Total spectra spectral density function     τ    is assumed to be a summation of the spectra density due 
to fast and show moving ions. 
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Let us assume,  
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Equation (A5) represent the expression for the weighting factor of the fast Li ion due to temperature 
independent width of the correlation time distribution. 
We can recall Equation () 
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However, weighting factor of the fast ion can be expressed interm of the energy barrier distribution 
function. 
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Here maximum energy barrier in the integration be written as  E* 
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Equation (2) represent the expression for the weighting factor of the fast Li ion for the temperature 
dependent width of the correlation time distribution which appeared due to the temperature independent 
energy barrier distribution function. 
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Appendix D  Second moment due to dipole-dipole interaction 
 
Second moment calculation to estimate the dipole interaction contribution to the line 
width of 
7
Li NMR spectra. 
 
(1) BR-aBR parallel 
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Li dipole interaction in the BR-aBR position at parallel orientation.(parallel orientation 
means  crystal c axis is parallel to the static magnetic field) 
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Li dipole interaction in the BR-aBR position at perpendicular 
orientation.( perpendicular orientation means  crystal c axis is perpendicular to the static magnetic field) 
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(3)  BR-aBR perpendicular 
 
      
 
 




            
 























Li dipole interaction in the BR-aBR position at perpendicular orientation. (Perpendicular 
orientation means crystal c axis is perpendicular to the static magnetic field). 
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 Li dipole-dipole interaction for parallel orientation Second moment of spectral 























(4) R-BR parallel 
      
 
 




            
 

















Li dipole interaction in the BR-BR position at parallel orientation.( parallel orientation 
means crystal c axis is parallel to the static magnetic field). 
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(5) BR-BR perpendicular 
 




 Li dipole-dipole interaction for perpendicular orientation Second moment of 
spectral density can be expressed as        
      
 
 




            
 
    
 
 

















Li dipole interaction in the BR-BR position at perpendicular orientation. (Perpendicular 
orientation means crystal c axis is perpendicular to the static magnetic field). 
 
        
 
 
       




            
 
    
 
            
 
    
 
            
 
    
 
            
 
    
 
            
 
    
 
            
 
    
  
      
 
    
 
  = 
 
    
 
    
 




      
 
 




    
             
 
             
 
             
 
             
 
             
 
             
 
 
He                                                  
      
 
 




    
              
                                                               
                  
      
 
 




    





















      
 
 




    
                                  
 
      
 
 
          
 
 
    















(6) Line width due to 7Li-27Al dipole-dipole interaction for parallel orientation.  











            
 
    
 
 
Here I is the spin of Al=5/2.There are 6 nearest neighbor Al ion from 
7
Li at BR site 







      




            
 
    
 
            
 
    
 
            
 
    
 
            
 
    
 
            
 
    
 
            
 
















Al dipole-dipole interaction at parallel orientation. (Parallel orientation means  
crystal c axis is parallel to the static magnetic field). Here Li ion at BR position. Al ion is above the 
conduction plane 
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(7) Line width due to 7Li-27Al dipole-dipole interaction for perpendicular orientation.  
 




Al dipole-dipole interaction for orientation Second moment of spectral density 
can be expressed as      
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Therefore, line width of the spectra is        







      




            
 
    
 
            
 
    
 
            
 
    
 
            
 
    
 
            
 
    
 
            
 

















Al dipole interaction at perpendicular orientation. (Perpendicular orientation means the 
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Table D 1 Summary of the numerical values of dipole-dipole coupling in Li β-alumina and the 
parameters used for calculation. 






ratio no of 
nearest 
neighbor 
Li-Li BR-mO 1180.044 1384.525 1.6E-10 0.9  3 
Li-Li BR-aBR 144.945 169.860 3.22E-10 0.9  3 
Li-Li BR-BR 27.8527 32.660 5.58E-10 0.9  6 





                 
I= spin of 
7
Li=3/2 
                    
I= spin of 
27
Al=5/2 





Appendix E  Single crystal XRD analysis  
E-1  Crystal structure analysis data 
Fractional atomic coordinates and isotropic displacement parameters (Å
 2
)) 98% Li β-alumina obtained 
from single crystal XRD. 
 
Table E1  
    (f.o.) x y z *Uani / Uiso 
Al2 12k 0.946† 0.16797(8) 0.33595(16) 0.10527(4) 0.0069(4) * 
Al3 4f 1 0.3333 0.6667 0.52451(6) 0.0054(4) * 
Al4 4f 1 0.3333 0.6667 0.67582(6) 0.0096(4) * 
Al5 2a 1 0 0 0 0.0055(5) * 
O1 12k 1 0.15719(18) 0.3144(4) 0.54985(9) 0.0070(5) * 
O2 12k 1 0.50267(19) 0.0053(4) 0.64617(8) 0.0095(5) * 
O4 4f 1 0.3333 0.6667 0.05538(14) 0.0065(7) * 
O5 4e 1 0 0 0.14161(14) 0.0064(7) * 
O6 2d 1 0.3333 0.6667 0.75 0.075(4) * 
Al1 24l 0.054† 0.1607(16) 0.321(3) 0.1753(7) 0.011(4) 
O3 6h 0.054† 0.119(8) 0.238(16) 0.25 0.011(4) 
Li1 6h 0.28† 0.077(4) 0.154(9) 0.25 0.043(12) 
Li2 4f 0.216† 0.3333 0.6667 0.210(3) 0.045(15) 
Na1 2c 0.048† 0.3333 0.6667 0.25 0.010(12) 
*Ueq = (∑i ∑j Uij ai*aj* ai∙aj)/3 
* The fractional occupation (f.o.) given here does not include the site multiplicity correction factor, i.e. a 











E-2  Single crystal X-Ray diffraction condition/parameter 
 
Table E2  Experimental details  
 
Crystal data 
Chemical formula  Li2.54 Na0.10Al22 O34.32  
Chemical formula weight  1162.61 
Cell setting  Hexagonal 
Space group  P63/mmc (No.194) 
a (Å), c (Å), V (Å
3
)   5.59496(19) , 22.6842(7) , 613.11 (8)  
Z  1 
Dx (Mg m
-3
)  3.139  
Radiation type  Mo K 
Wavelength (Å)  0.71075   
No. of reflections for cell parameters  4582 
 range (º)  3.595–27.415 
Temperature (K)  293 
Crystal form  Plate  
Crystal size (mm)  0.192×0.182×0.060  
Crystal color  Transparent  
 
Data collection 
Diffractometer  Rigaku RAXIS-RAPID II 
Data collection method   scan 
Absorption correction Numerical  
Tmin, Tmax  0.8790, 0.9541     
No. of measured reflections  5662 
No. of independent reflections  321 
Rint  0.0266 
max (º)  27.414 
Range of h, k, 1  −7→ h → 7, −7→ k → 7, −29→ l → 29 
 
Refinement 





 > 2(F2) 0.0294 
wR(F 
2
)  0.1009 
163 
 
S  1.212 
No. of reflections used in refinement  321 
No. of parameters used  44 










max, min (e Å
−3
)  0.547, −0.890 
 
Source of atomic scattering factors  International Tables for X-ray Crystallography 
(1995, Vol. C) 
 
Computer programs 
Data reduction RAPID-AUTO (Rigaku Corporation, 2005) 
Structure refinement SHELXL-2014 (Sheldrick, 2014) 




Appendix F  Orientation of the crystal in static NMR probe 
 





























Appendix G Error estimation of diffusion coefficient in PFG NMR.  
Table G1 Diffusion coefficient of 
7



























Table G2 Diffusion time   dependence of diffusion coefficient of 7Li in 93% Li β-alumina at 
perpendicular orientation at 300K. 




































 Table G3 Diffusion time dependence of diffusion coefficient of 
7
Li in 98% Li β-alumina at orientation 









Table G4 Diffusion time dependence of diffusion coefficient of 
7
Li in 98% Li β-alumina at orientation 




































 =ms   =30 D (m2/s) R2 % Error 
10 2.72×10
-12
 0.90 9.7 
20 1.6×10
-12
 0.97 2.6 
30 1.27×10
-12
 0.97 2.0 
50 1.2×10
-12
 0.98 1.3 
100 1.18×10
-12
 0.96 3.5 
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Table G5 Diffusion time dependence of diffusion coefficient of 
7
Li in 98% Li β-alumina at orientation 











Table G6 Diffusion time dependence of diffusion coefficient of 
7
Li in 98% Li β-alumina at orientation 






























































Table G7 Diffusion time dependence of diffusion coefficient of 
7
Li in 98% Li β-alumina at orientation 








Table G8. Temperature dependence of diffusion coefficient of 
7
Li in 80% Li β-alumina at various 











 =ms   =90 D (m2/s) R2 % Error 
10 8.15×10
-12
 0.99 0.2 
20 6.13×10
-12
 0.98 1.4 
30 5.63×10
-12
 0.99 0.8 
50 5.50×10
-12
 0.99 0.9 
100 5.62×10-12 0.98 1.1 
 =10ms   =90 D (m2/s) R2 % Error 
298K 8.79×10
-12
 0.98 1.6 
307K 9.83×10
-12
 0.99 0.5 
316K 1.18×10
-11
 0.99 0.6 
324K 1.35×10
-11
 0.99 0.2 
333K 1.66×10
-11
 0.99 0.3 
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Appendix H Single crystal setting in Teflon for PFG NMR  
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